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”The career of a young theoretical physicist consists of treating the harmonic oscillator in

ever-increasing abstraction.” — Sidney Coleman



Quantum field theory is the most complete and consistent theoretical framework that provides
a unified description of quantum mechanics and special relativity. In the limit A — 0 we obtain
relativistic classical fields which can be used to describe for example electrodynamics. In the limit of
small velocities v/c < 1, we obtain non-relativistic quantum mechanics. Finally in the limit & — 0
and v/c < 1 we obtain the description of non-relativistic classical fields such as sound waves.

Fields are described by a function which assigns a value to every point on the base manifold which
we consider. In this course we will be mostly looking at relativistic quantum field theory, which is
defined in 341 -dimensional Minkowski space-time. Most results can be straightforwardly translated
to other systems, like 2-dimensional systems in condensed matter physics.

The notes are very brief and obviously only give an introduction to quantum field theory. The
following books provide more detailed explanations and also more in-depth knowledge about quantum
field theory.

1. M. Srednicki, ”Quantum Field Theory”

2. M. Schwartz, ”Quantum Field Theory and the Standard Model”

w

. L. Ryder, ”Quantum Field Theory”

4. M. Peskin, D. Schroeder, ” An Introduction to Quantum Field Theory”
5. S. Weinberg, " The Quantum Theory of Fields”, Vol. 1

6. C. Itzykson, J-B. Zuber, ”Quantum Field Theory”

7. D. Bailin, ”Introduction to Gauge Field Theory”

8. A. Zee, "Quantum Field Theory in a Nutshell”

The notes follow the same notation as Srednicki’s book. In particular we will use natural units
h=c=kp=1

and the signature (— 4+ ++) for the metric. Thus length scales and time are measured with the same
units 1 . )
-1
V]—[t]—m—ﬁ—m—ev
which is the inverse of energy. Temperature is measure in the same units as energy.

Often we will use formal manipulations which require a more mathematical treatment. In quantum
field theory we will encounter many divergences which have to be regulated. This is generally possible
by considering a finite volume V and to quantize the theory in this finite volume. In the infinite
volume limit we obtain V — (27)36()(0) which is divergent. See arXiv:1201.2714 [math-ph] for some

lecture notes with a more rigorous discussion of different mathematical issues in quantum field theory.
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https://arxiv.org/abs/1201.2714
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1 Spin 0 — scalar field theory

1.1 Relativistic classical field theory

An intuitive derivation of the Klein-Gordon equation. Any theory of fundamental physics has to be
consistent with relativity as well as quantum theory. In particular a particle with 4-momentum p*

have to satisfy the relativistic dispersion relation
Pou=—E*+p° =-—m*. (1.1)

Following the standard practice in quantum mechanics we replace the energy and momentum by

operators
E — ihoy 7 — —ihV (1.2)
and postulate the wave equation for a relativistic spin-0 particle
—m’p = —(i0h)* + (—iV)’¢ = (9} — V*)¢ (@-m*$=0 (1.3)
which is the so-called Klein-Gordon equation. The Klein-Gordon equation is solved in terms of plane
waves exp(ik - T & iwgt) with wy = (K + m?)/2 and thus the general solution is given by their
superposition

o) = | T Th (a(eF ot 4 (oo (1.4)

271)32wk

The factor 1/wy, ensures that the integral measure [ d®k/(2m)32wy, is Lorentz invariant, i.e. invariant

under orthochronous Lorentz transformations (A% > 1). This can be directly seen from noticing thatﬂ

1

o 0 2 2 0y -  —
/Oodk 8K + m)O(k) = 5

(1.6)
since there is only one zero at k¥ = wy, for kK > 0. Thus we can rewrite the integration in terms of
d*kS§(k? +m?)0(k°) with the Dirac é-function and the Heaviside step function 6 which is manifestly
Lorentz invariant. For a real scalar field [¢(x,t) = ¢*(x,t)], the coefficients a and b are related by
b(k) = a*(—k). Thus for a real scalar field we find

d3k — —
z,t)= [ ——— <a k)eFur” 4 o* (k)e~kue ) 1.7
o) = [ s (alh) (k) (17)
where we changed the integration variable k — —k for the second term. If we were to interpret
the solution as a quantum wave function, the second term would correspond to ”negative energy”

contributions.

Note that

/dmé Z ‘f, (1.5)

where x; are zeros of the function f.



Using the representation of the ¢ function

(21)353) (k) = / dBre®? (1.8)
we can invert Eq. (1.7]) to obtain
. 1 1 ..
3 _ik,xt _ = 2iwpt kg 1
/d 2~ a) = 5 —alk) + 5 MM e (~h) (1.9)
/d3xeik*‘xuﬁo¢)(x) = —%a(k‘) + %e%w’“ta*(—k) (1.10)

and thus we obtain for the coefficients a(k)

a(k) = /dgme_ik“‘vu [wi + 10p] P(x) = i/dgm ¢~ k" 5(: o(z) . (1.11)
with f(z) 3, g(z) = £(2)deg(x) — (0:f(2))g(x).

1.2 Stationary action principle
This equation can also be derived from the least action principle using the following Lagrangian density
1 1
L= —50.00"0 - §m2¢2 (1.12)

and thus the action S = [dt [ d®zL. Consider a variation of the action with respect to the field ¢

and the coordinates x*
£ = 4 ¢(@) = 6(2) + 06(2) (1.13)

and thus the total variation of ¢ is A¢p = d¢ + (Ou¢)dz*. Variation of the action yields

6S = / d*'x'L(¢), 0,4, x") — / d*zL(p, 0,0, ) (1.14)
R
[ (0L oL c
_/Rd a:( 509 33 009) + ot + £ w) (1.15)
. (0L oL > . ( L. oL >
/d <8¢ 8“73(6/@) 5(]5—!—/Rd x0, | Loz + 0,0) e (1.16)
. (0L . O > ( L. oL )
/d <8gb 8“3( ) 5(]5—!—/8Rdau Lox +8(8u¢)5¢ (1.17)

where we used det(agC +) = 64 + 002" in the second line. If we demand on the boundary R that

there is no variation in the fields dx* = 0 and d¢ = 0, we obtain the Euler-Lagrange equations

oL oL
0=——-0y=—— 1.18
96~ 90,0 -
For a real scalar field the Euler-Lagrange equation is
oL oL
= — — 9 —— = 0,00 —m? . 1.1
0 5% 8“6@@ 0,01'¢ —m=¢p (1.19)
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The conjugate momentum to the field ¢ is

oL
- 1.20
"7 900 (1.20)
and the Hamiltonian density is obtained by a Legendre transformation
H=np—L (1.21)
The Poisson brackets for two functionals L1 2 are defined a&ﬂ
0L 0 Lo 014 0Loy
I, Loty = | & — 1.24
(et = [ o | gt e~ S e 2y
and thus the Poisson brackets for the field ¢ and conjugate momentum 7 are
{6z, 1), 7(y, 1)} = & (2 — y) (1.25)
{m(z,t),7(y,1)} = {o(z,1),6(y, 1)} = 0 (1.26)
and Hamilton’s equation for f = f(¢, ) reads
daf of
—={fH}+ = 1.2
=L HY (127)
1.3 Symmetries and Noether’s theorem
For an arbitrary surface R we can rewrite the second integral as
oL oL
do (E(Sa:“ + 5(;5) :/ do [Aqb— (Ol i (1.28)
/BR g o) or | L0(0u0)
where we defined the energy-momentum tensor (see below)
oL
Oh, = ———=0,0 — LY. 1.29
50,9 129

For example if the action is invariant (i.e. 65 = 0) under the following symmetry transformation
dxt = XHow” Ad = D,0w” (1.30)

The surface term vanishes because §S = 0 and since dw" is arbitrary

0= / Jhdo 6w’ = / d*xd), JH sw” (1.31)
OR R

2The functional derivative of a functional is the straightforward generalisation of the ordinary derivative

SF@) _ . FIf@) + ez — )] ~ FIf(2)

Sf(y) — e=0 € (1.22)
and in particular 5
Wf(t):ci(t—t). (1.23)



with the Noether current (The infinitesimal parameter is typically factored out of the Noether current.)

oL
JH = ®, — O X" 1.32
50,9 (132
As dwh is arbitrary function and for sufficiently smooth JJ' we obtain
ouJl =0. (1.33)
Thus we can define a conserved charge
Q= / d*z.J", (1.34)
1%
of the system which is conserved when integrating over the whole volume
dQ, A .
C?t = /d%aoJOV = /d?’:c@i,]’y = /dal J, =0, (1.35)

where we used the conservation of the Noether current, OHJ# = 0, in the second step. The last
equation holds because the current has to vanish at infinity.
1.3.1 Examples

Consider A¢ = 0 and dx* = a*, where a* is a translation in space-time. Noether’s theorem tells us
that the Noether current is

JI = —0kd" (1.36)
Time-translations, a® # 0, a’ = 0 imply the conservation of energy
oL

H= /d3x®0 = /d% [ o —,c] 1.37
’ 9(0o0) e (1.37)

and spatial translations similarly imply the conservation of momentum

oL

P = [ d*26"% :/d% ; 1.38
/ 9(99) ¢ (1.38)

and thus we can interpret ©/, as energy-momentum tensor.

The energy-momentum tensor as it is defined in Eq. is not symmetric and also not unique.
We may add a term 9y fM with fA = — f#\ because 0,0, M vanishes due to f being antisym-
metric in p, A while the derivatives are symmetric. By choosing f*¥ appropriately we obtain the
canonical energy-momentum tensor

TH = O 4 9 fH (1.39)

which is symmetric in p,v. The total 4-momentum of the system is the same, since

/ By fr% = / d320; f1 = / doi f% =0 (1.40)

irrespective of the choice of f. The last equality holds because towards infinity the fields have to
sufficiently quickly go to zero, in order for the action to be normalizable and thus also any combination
of the fields 9; f*% has to go to zero.



1.4 Canonical quantization — free real scalar field (3)

Before moving to quantizing a scalar field let us review the quantization of the harmonic oscillator.

The quantum harmonic oscillator is defined by the Lagrangian

L=—¢@—-—"y (1.41)

We can directly determine the conjugate momentum, Hamiltonian and Poisson brackets using standard

techniques
oL
e 1.42
P= g =M (1.42)
1 muw?
H=npi—1 = —p21 2 2 1.43
pq 5P T 5 (1.43)
{e.p} =1 {p.pt={q,4} =0 (1.44)
We obtain the quantum harmonic oscillator by replacing ¢ and p by operators ¢ and p = —idiq and
the Poisson bracket by the commutator
g Lp, me o (1.45)
“oml T2 1 ‘
[@.p] =4  [p,p]=1[3.4]=0. (1.46)

We proceed in the analogous way for the real scalar field. The Lagrangian density for a free real scalar

field, generalized momentum, Hamiltonian density and Poisson brackets are given by

L= —% O P — ";2¢>2 + Qo (1.47)
T=2¢ (1.48)
1, 1 m? ,
H=om"+ Vo Vo+ —-¢" = Q (1.49)
{o(z,0),m(y, )} =8z —y)  {n(z,t),7(y,0)} = {$(x,1), oy, 1)} = 0. (1.50)

The Hamiltonian is positive definite and thus there is no problem with negative energies. We now
quantize the real scalar field and replace the field and its conjugate by hermitian operators which

satisfy the canonical (equal-time) commutation relations

[b(z, ), w(y, )] =i6°(x —y)  [w(e,t),7(y,1)] = [d(z,1), $(y. )] = 0 . (1.51)

Thus the coefficients a(k) in Eq. (1.7) become operators

3 b . ‘L - i ‘L
(o, 1) = / (2:)3’;% [a(®)es" + af (B)e "] (152)
d3k g T P *
:/((2”)32%)1/2 [a(k>fk(w> t+a (k)fk(m)} (1.53)



with the positive frequency (energy) solutions

frlz) = M (1.54)
which form an orthonormal set

/ B fi(2)i o fu(z) = 6O (F - F) . (1.55)

The operators a(k) and af(k) satisfy the commutation relations
[a(k), ot (k)] = / dedy(2m)? (o) [ Fi (e, )i Do B(, 1)), By, 8)i Ao fie(y, 1)) (1.56)
= i(2m)? / Bardy(dwpwy)? (1.57)
( @, 1)ido fir (y, )7 (2, 1), (y, 1)] + 100 fi: () fur (y, ) [d(=, 1), w(y,t)]) (1.58)
= (20)° [ (o) 2 fi .0 0 oty (1.59)
= (2m)32w 6P (k — k) (1.60)

Note that for k = K, there is a divergence, 6®)(0). We can formulate the quantum field theory in a
mathematically more rigorous way by quantizing the theory in a finite volume V. In this case, the
integrals are replaced by sums and (27)36(®)(0) — V. See the textbook ”Quantum Field Theory” by
Mandl and Shaw for a discussion in terms of fields quantized in a finite volume. However this breaks
Lorentz invariance and for simplicity in this course we will always work with the infinite volume limit
directly using formal manipulations, but keep in mind that we can always go to a finite volume to

regularize the theory. Similarly we can derive the other commutation relations

la(k),a(K)] = [a (k),a’ (k)] =0 . (1.61)

The operators a(k) and af (k) play a similar role to the ladder operators for the quantum harmonic

oscillator. We define the number operator for the wave with momentum &
(27)32wp 02 (0)N (k) = al (K)a(k) . (1.62)
The number operator N (k) satisfies the following commutation relations
IN(k), at (k)] = af (k) [N (k), a(k)] = —a(k) (1.63)

which are straightforward to show, e.g. the first one follows from

(2m)*2w 6% (0)[N (k), a' (k)] = [al (k)a(k), a' (k)] (1.64)
= al(k)[a(k), a (k)] + [a' (), a' ()]a(k) (1.65)
= (27)32uwi8%(0)al (k) (1.66)



Thus if |n(k)) is an eigenstate of N (k) with eigenvalue n(k) then the states af [n(k)) and a(k) [n(k))
are also eigenstates of N (k) with eigenvalues n(k) + 1 and n(k) — 1 respectively. This justifies the
interpretation of the operator N (k) as a particle number (density) operator for momentum k. The

number operators for different momenta k& commute
[N(k), N(k')] = 0 (1.67)

and thus eigenstates of the operators N (k) form a basis.

The Hamiltonian is given by

3 w
H= / (2733’;%2’“ [af (k)a(k) + atk)a (k)] (1.68)

Similar to the quantum harmonic oscillator there is a ground state energy. It gives an infinite contri-

bution to the energy when integrating over all momenta
= [ b (k) + (0~ )V (1.69)
= | —— wia'(k)a € — .
(2m)3 2wy, " 00

where we interpreted (27)363(0) as volume V and €yV denotes the zero-point energy of all harmonic

oscillators with B
1
_ L[k 1.70
€0 2/(27r)3w’“ w70

As only energy differences matter in the absence of gravity, we can subtract the zero point energy by

choosing €y = ¢g and thus the Hamiltonian becomes

3
H= / (2733’;% wpat (k)a(k) (1.71)

This is formally equivalent to writing all annihilation to the right of the creation operators and setting
Qo = 0. It is denoted normal ordering and we define the normal ordered product of operators AB by
: AB :. Similarly the normal-ordered momentum is given by

P UL Y
. P, ._/( kial (k)a(k) . (1.72)

27)32wy,

The energy is always positive given that the particle number does not become negative. This does
not occur given that the norm of the states in the Hilbert space have to be non-negative. Let |n(k))

be a state with occupation number n(k) for momentum k, then

la(k) [n(k))]" [a(k) [n(k))] = <n(k¢)laT(/€)a(’f)ln(k)> = (2m)2w3,6%(0) (n(k)|N (k) |n(k)) (1.73)
~ 2w,V (k) (n(k)|n(k)) > 0,

where we employed the finite volume limit in the second line. Thus as a(k) reduces n(k) by 1, there

is a ground state |0) with
a(k)]0) =0 (1.74)



which does not contain any particles of momentum k. The operator a(k) and af (k) are commonly called
annihilation and creation operators, because they annihilate and create one particle with momentum

k, respectively. The vacuum expectation value of one field operator vanishes
(0]p|0) =0 (1.75)
The one-particle state |k) = a'(k) |0) is normalized as

(kK = <0|a(k;)af(k/)|o> - <0|[a(k:),af(k’)]\o> — (27)%2uw, 03 (k — k') (1.76)

where we used the commutation relatiorﬁ of the creation and annihilation operators and the nor-
malization of the vacuum state (0|0) = 1. The one-particle wave function v (z) for a particle with

momentum p is

3 . .
0(e) = 00l = [ g [Ola®lp) €+ (olalbp) ] = e (1.7

1.5 Lehmann-Symanzik-Zimmermann (LSZ) reduction formula (5)

Consider a real scalar field theory. States in a free theory (i.e. which contain at most terms quadratic
in the fields) are constructed by acting with the creation operators on the vacuum. A one-particle

state is given by
k) = af(k)[0) (1.78)

where the creation operator can be written in terms of the field operator as derived in Eq. ((1.11))

/d3m ek (wy, —i0p) p(x) = —z/d3x etke 8 o(x) (1.79)

and similarly

a(k) = / B ek (w + i00) H(x) - (1.80)

We can define the creation operator of a particle localized in momentum space near k£ and in position

space near the origin by
= /d?’k:fl(k:)aT(k:) (1.81)
where the function f; describes the wave packet of the particle, which we take to be a Gaussian with
width o I
k—kp)?
fi(k) o exp (|~ B R (1.82)
202

In the Schrodinger picture the state a]; |0) will propagate and spread out. The two particles in a two-

particle state aiag |0) with ky # ko are widely separated for ¢ — co. The creation and annihilation

3Note that some textbooks use a non-covariant normalization of the commutation relation [a(k),af (k)] = 6(k — k).



operators are time-dependent. A suitable initial (final) state of a scattering experiment is

[i) = lim_aj(t)ab(t) |0) = af (~o0)aj(~oc)|0) (1.83)
) = lim al,(t)al,(t) |0) = al, (c0)al, (<) [0) (1.84)

The scattering amplitude is then given by (f|i). Note however that the creation and annihilation
operators in the scattering amplitude are evaluated at different times. We thus have to relate them

to each other.

aJ{(oo) - a];(—oo) = / dt@oa]; (t) fundamental theorem of calculus (1.85)

- / Bhfu (k) / d'dy (7 (wr — i00)6(x) (1.86)
= —i / Bk f1(k) / d*ze'™™ (93 + w?) ¢(z) (1.87)
— i / ki (k) / dwe™ (3 + 2+ m?) o(x) (1.88)
— i / &k fi (k) / Pt (ag— 3 —i—m2> o(x) (1.89)

= ( )ota) (1.90)
= —z‘/d?’kfl(k)/d“xeikx (=0,0" +m?) ¢(z) (1.91)

and similarly for the annihilation operator

a1(00) — a1 (—o0) = i/d3kf1(k:) /d%eikm (=0,0" +m?) ¢(z) (1.92)

Thus we are in a position to evaluate the scattering amplitude, the matrix elements of the scattering
operator S,

Sy = (fli) = <oyT (a?(oo)all(oo)ai(—oo)a;(—oo)) |0> (1.93)

=t / dAx1e® (=02 + m?) . drzydt ey e R T (=02 + m?) (0|T¢(x1) . .. p(x2)|0)

where we inserted the time-ordering operator in the first step, then used the derived relation of the
creation and annihilation operators. The expression directly generalizes for more particles in the initial
and/or final state. The general result is called the Lehmann-Symanzik-Zimmermann (LSZ) reduction
formula, which relates the scattering amplitude to the expectation value of the time-ordered product
of field operators. The same holds in an interacting theory if the fields satisfies the following two

conditions

(0l¢(x)[0) =0 (Olg(2)|k) = ™. (1.94)



These conditions can always be satisfied by shifting and rescaling the field operator appropriately:
A given field operator ¢(x) can be related to the field operator at the origin via the translation
d(z) = e~ F2p(0)etf’*, where P* is the energy-momentum four vector. As the vacuum is Lorentz-
invariant we find
(0l¢(x)|0) = (0l "*¢(0)e'[0) = (0[$(0)[0) = v (1.95)

The right-hand side is a Lorentz-invariant number. In case v # 0, we can shift the field ¢(x) — ¢(x)—v
to obtain a shifted field where the first condition is satisfied. Similarly consider a one-particle state
|p), then

(ple(x)]0) = (ple”Te(0)e'*|0) = e~ (p|(0)]0) . (1.96)
As (p|#(0)|0) is a Lorentz-invariant number, which is a function of p? = —m?. We can always rescale
the field ¢(z) — ¢(x)/ (p|¢(0)|0) such that the rescaled field satisfies the second condition. The two
conditions ensure that the interacting one-particle states behave like free one-particle states.

In general the creation operator will create a mixture of one-particle and multi-particle states
in an interacting theory. However, it can be shown that multi-particle states separate from one-
particle states at the infinite past and future and thus we can consider scattering between (quasi-)free
particles: The field operator may multi-particle states |p,n) with total 4-momentum and a set of

quantum numbers n. Following the same argument, we find

(p,n|p(x)|0) = (p,nle*¢(0)e*(0) = e~"* (p,n|¢(0)[0) = e~ " A,(p) (1.97)

where A, is a function of Lorentz-invariant products of the different momenta involved in the multi-
particle state. The energy of the multiparticle state satisfies p® = (p> + M 2)1/ 2 with the invariant mass
M > 2m. The dispersion relation in the (|p], F) plane contains a hyperbola for a single particle state
which passes through (0,m), possibly several hyperbola for bound states passing through |p] = 0 for
E < 2m and a continuum of states which passes through |[p] = 0 with £ > 2m. If A, (p) is non-zero,
multiple particle states may be generated in the scattering which may invalidate the LSZ reduction
formula. Precisely we have to ensure that <p,n|ai(:|:oo)|0> = 0 for normalizable states. Consider a

general multiparticle state

0 =Y [ dpin(e)lp.n) (1.98)

with wave functions 1, (p) for the total 3-momentum p. Using Eqs. (1.79)), (1.81)), (1.98]), we obtain

(vlal@10) = 3= [ o0 [ @rnw-i) [ s o onlo)) (1.99)

s / B (5) / &k fi (k) / Ba(eh™ Oy =) A, (p) (1.100)
=X [ @00 [ @enm) [ k) A ) (1.101)

=2 / d*py5 (P) / ERfi(R) (" + k) 2m)* 6 (k — g A, (p)  (1.102)

10



with po = (% + M?)Y/2 and k° = (% + m?)'/2 < p°. We used Eq. (1.97) in the second line, evaluated
the time derivative in the third line, integrated over = in the fourth line.

The final step is to evaluated the d®k integral and to use the Riemann-Lebesgue lemmaﬁ
<¢!a1(t)!0> = (2m)?® Z/d%wi(mfl(p)(po + K0P R A, (p) T2 0 (1.103)

This relies on the assumption that the wave functions are normalizable. See the discussion in the book
by Mark Srednicki and arXiv:1904.10923 [hep-ph] for more details. Next we develop tools to calculate
correlation functions such as (0|T'¢(z1) ... ¢(zn)]0).

4The Riemann-Lebesgue lemma states that for L' integrable functions, i.e. [ |f|dz is finite, the Fourier transform of
f satisfies [ f(z)e *"dx — 0 for |z| — 0.
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2 Feynman path integral

2.1 Derivation (6,Weinberg)

We develop the formulation of a quantum theory in terms of the Feynman path integral. Consider the
generalized coordinate operators (), and their conjugate momentum operators P, with the canonical

commutation relations

[Qavpb] = iéab [Qa, Qb] = [Paa Pb] =0 (21)

In a field theory the operators depend on the position x. Thus the index a labels on the one hand the
position x and on the other hand a discrete species index m. Thus the Kronecker delta function g
should be interpreted as 0z m:yn = 0(z — y)0mn. As the Qq (P,) commute among each other there

are simultaneous eigenstates |q) (|p)) with eigenvalues ¢, (pq)

Qalg) = qalq) FPalp) = palp) (2.2)

which are orthogonal and satisfy a completeness relation
(d'la) = Tad(qy — ga) = 6(d' — q) (P'lp) = 1ad(p, — pa) = (¢ — p) (2.3)
1= [ Madaalo) ol = [ dala) (o 1= [Wdpalp) 0l = [dolp) 0] (2)

From the commutation relations the scalar product

1 .
(qlp) = Ha—me’q‘“’“ (2.5)

follows. In the Heisenberg pictureﬂ the operators P, and ), depend on time
Qu(t) = Mt Q et Py(t) = ¢t p,e—iMlt (2.7)
and thus the eigenstates of Q(t) (P(t)) and @ (P) are related by
;1) = " |q) Ipst) = €1 |p) (2:8)

The corresponding completeness and orthogonality relations apply

(¢ tlg;t) =11a0(q, — q) = 6(¢ — q) (p'stlp;t) = Had(p), — p) = 6(p" — p) (2.9)
1 .
1= /dq\q;t> (g:t] = /dp Ip;t) (p3 t| (g tlp;t) =T, mezq“”“ : (2.10)

5States |a) and operators A in the Heisenberg picture are related to operators in the ”Schodinger picture at fixed
time t = 0” by

last),, = e |a) Ap(t) = et Age (2.6)
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Now we want to calculate the probability amplitude for a system to go from state |¢; ) to state |¢;t'),

i.e. the scalar product (¢’;t'|¢;t). For an infinitesimally small time difference dt = t' — ¢, it is given

byf]

(a3 ;) = {5l FQOLOg ) /dp (d/3t]e™ HQOPO® ) (1 1]g; 1) (2.11)
:/Ha‘?leiH(q’,p)dHiZa(q{lqa)pa (2.12)
i

The last step is only possible for an infinitesimal time step, where exp(—iHdt) ~ 1 — iHdt, because
we can neglect higher orders in dt. For a finite time interval, we split the the time interval in many
intermediate steps, t = 19,71, 72, ..., TN, TN+1 = t' with 7,1 — 7 = 07 = (¢’ — t)/(N + 1) and insert
the identity using the completeness relation for the states q. Hence the scalar product is given by the

constrainedlﬂ path integral
(¢;t']q;t) :/H{cvzldq<7k)<Q(TN+1>?7N+1’q<TN)§TN> (a(rn); T lg(Ta—1); 1) - - - {q(T1); T1lq(0); T0)

= [ I dg(r] g, | (213

N+1
X exp (l > [Z(qa(ﬂc) — qa(Tk—1))Pa(Th—-1) — H(Q(Tk)ap(Tk—l))dT]>

k=1 a
N—oo /q oy DIDPE (2 /t [Z do(T)pa(7) — H(q(7), p(T))] m) (2.14)

where we implicitly defined the integration measure

dpa(ﬂc)] ) (2.15)

/Dqu_ ]\}gnoo/ [T adga (7k)] [H;LV:OHQ o

Note that ¢ and p in the path integral are ordinary functions (instead of operators). They are variables
of integration and do not generally satisfy the classical Hamiltonian dynamics. For convenience we

define the function ;
5= [ darlitrpr) - 1] (2.16)
¢

which reduces to the action if the Hamiltonian dynamics holds.

2.2 Expectation values of operators (6,Weinberg)

The Feynman path integral formalism allows to calculate expectation values of operators for interme-

diate times. Consider an operatOIﬂ O(t1) at time ¢; with ¢ < t; < /. For an infinitesimal time interval

5The Hamiltonian is a function of the operators Q and P. In the Heisenberg picture, it is given by the same function
of Q(t) and P(t). We adopt a standard-form of the Hamiltonian where all operators @ appear to the left of the operators
P. Other conventions are possible (e.g. Weyl ordering) but will lead to slight differences in the definition of the Feynman
path integral.

"The initial and final state are fixed and not varied.

8The operators Q, have to be ordered to the right of the conjugate operators P,.
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[t,t + dt] with an insertion of an operator at time ¢ we find

d a —1 T T
(st + O, QI t) = [ L (e @O it G O(P(E), QElart)  (217)
_ /Ha dQ]Z:O(p’ q)e_iH(q',p)dt+iZa(q&—qa)pa 7 (2.18)

i.e. for every operator we insert the operator with @) and P replaced by the integration variables ¢

and p, respectively. Thus for a finite time interval ¢t < t; < t we simply obtain

(q';t'|0(P(t1), Q(t1))]g; t) = /Dqu O(p(t1), q(t1))e™ . (2.19)

Then its expectation value can be expressed in terms of a path integral. Similarly for multiple operators
01 (tl) and 02 (tg)

(¢;t'102(P(t2), Q(t2))O1(P(t1), Q(t1))lg; 1) t1 < t2
(¢;t'101(P(t1), Q(t1))O2(P(t2), Q(t2))g; t) ta <t1
(2.20)

/ DgDp 01 (p(t1), (t1)) O (p(ts), q(t2))e™ =

The right-hand side can be expressed in terms of the time-ordered product of the operators

TO(t)O(ts) = O(t1)O(t2) ta <ty (2.21)
O(t2)0(t) i <ty '

It straightforwardly generalizes to the time-ordered product of an arbitrary number of operators.
<q,; t,|T01 (tl) s On(tn)|q; t> = /DQDPOl(tl) s On(tn)eis : (2'22)

This motivates the introduction of external sources J and K for a particle in quantum mechanics

(field in quantum field theory)
<q';t'|q;t>JK = /Dquei(S+Jq+Kp) (2.23)

where the products Jg and Kp should be understood as Jg = [ dr.J(7)q(r). Functional derivatives
(See footnote [2)) with respect to the external sources evaluated for vanishing external sources then

generates the time-ordered product of the corresponding operators. For example there is

1 9 :
i U5 5k = qDpq(t1)e” = (q; Dl .
i 6J(t1)< itlat), DgDpg(tr)e™ = (d'5|Q(t1)lg; t) (2.24)
J=K=0
1 4 .
i 0K (t1) (i tlat), = /Dfﬂ?pp(tl)els = (¢;t'|P(t1)]a; t) (2.25)
J=K=0
! 0 1 0 ! / 1S Iyl
o . . — ’D D (3 — . T . 2.2
i 0J(t2) i 0J(t1) <q it ‘Q7t>J,K Ko qDpq(ti)q(ta)e <q it Q(h)Q(tz)‘q,ﬂ (2.26)

and in general

to 1 (dt'lg;t) ‘
i8J(t) i OK () VT K ey

={(¢;V|TQ(t1) ... P(ty) ... |g;t) . (2.27)
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2.3 Vacuum-vacuum transition (6,Weinberg)

So far we only considered position eigenstates as initial and final states. For other initial and final
states we have to multiply with the wave functions (g|¢) = ¢(q) of these states and integrate over the
generalized positions. In particular if we consider transition amplitudes from the infinite past to the

infinite future

(@roclys o)y = [ddtda | DgDpot(a(oeelal-oo) I (228)
x)=q",9 =q

— / DgDps*(4(00)) (g —o0))ei5+a+ D) (2.20)

where we used that the unconstrained Feynman path integral is equivalent to the constrained path
integral when we integrate over the boundary conditions. An analogous expression holds for the
expectation value of operators.

As discussed in the derivation of the LSZ reduction formula we are specifically interested in vacuum

to vacuum transition amplitudes
(0; 00]0; —00) ; 5 = /Dqu e!(SHIaTER) (0; out|g(oo); 00) (g(—00); —00|0; in) (2.30)

Thus we have to evaluate the ground state wave functions in the infinite past and future. We consider
two concrete simple examples of free field theories, a quantum theory which reduces to the quantum
harmonic oscillator in the absence of interactions and a real scalar field, but before discussing them

we first introduce the Lagrangian version of the path integral.

2.4 Lagrangian version (6,Weinberg)

In case the Hamiltonian is quadratic in the conjugate momenta it is a Gaussian integral and the
integral over the conjugate momenta can be performed exactlyﬁ If additionally the quadratic term
in the conjugate momenta does not depend on the generalized variables ¢ the result will only involve

constants which can be absorbed in the definition of the integration measure

(d';t'g;t) = /@m): ,, Daexp <Z/t dTL(fJ(T),(J(T))> (2.32)

The function L(q, q) is computed by first determining the stationary point, i.e. by solving

( / lzqa palr —H(qv’),p(#))] dH):qa(T)—aH“’(“’(” (2.33)

6pa Opa (T)

9Note that the Gaussian integral is simply

/dxef(%zAz+bz+c):/dx/e—(%z’AzUrcf%bA_lb): /2%6%1),4—11775 (2.31)

with 2’ =z + A~ 1.
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for p in terms of ¢ and ¢, and then inserting the solution in integrand. This exactly mirrors the
procedure in classical mechanics, when we move from the Hamiltonian formulation to Lagrangian
formulation. The function L is the Lagrangian of the system. In the Lagrangian formulation the path
integral is explicitly Lorentz invariant. This situation is very common and in particular it applies for
the theories we are interested in for the rest of the lecture. Thus we will mostly use the Lagrangian

version in the following.

2.5 Quantum harmonic oscillator (7)

The Hamiltonian and the Lagrangian of the harmonic oscillator take the form

2
p 1 59 Lo 1 4559

H = - L=>-¢g"—= 2.34
2+2wq o oW ( )

using convenient units where m = 1. The relevant commutation relations are

[p,q] = —i [p,p] = [g,q] =0 (2.35)

and the annihilation operator is defined by

o= @ (q + zg) . (2.36)

In position space the momentum operator is represented by p = —id/dq. Then the ground state wave

function is determined by (a|0) = 0 in position space)

OZ{WHQ] @oy = {(glo) = Nes’ (2.37)

with some normalization constant N. In particular this expression holds for the wave function in the

infinite future and past and thus the product of the two wave functions is given by.

(0; out|g(00); 00) {g(—00); —00|0;in) = [N |2~ zwlal-o0)+a(c)’] (2.38)
— E]_i}y(?+ ‘N‘Qe_é‘*’ffooo drq(r)2ecl"l (2.39)

where we used the final value theorem of the Laplace transform. Note that the wave function is
independent of the sources and thus only contributes a constant factor to the Feynman path integral.
As we are only interested in the limit ¢ — 0 (and ¢(7)? is integrable for the harmonic oscillator), this

motivates the definition of the partition function

lim DaD ei(S—l—Jq-‘er—i-iede%qQ)
Z[J, K] = (0;00[0; —00) j j¢ = 0 K 4 — T
’ limg_ﬂ)fDqu ez(S+zede§q )

(2.40)

as a generating functional of all correlation functions for vacuum to vacuum transitions. The correla-
tion functions are obtained by taking derivatives with respect to the sources of Z[J, K|. Equivalently

we could discard the normalization factor and consider In Z[J, K|, because derivatives of In Z[J, K] are
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automatically correctly normalized such that vacuum-vacuum transition amplitude in the absence of
sources is normalized to unity, i.e. (0[0) ;_,_, = 1. Similarly the partition function in the Lagrangian

formulation is given by

lim, Dq €' S—l—Jq—Hede ®)
Z1J] = —0 f q

2.41
hme—>OfDq el S+i€de§q ) ( )

It is convenient to consider the Fourier-transform of ¢

a(E) = [ eyt ) = [ SoeBae) (2.42)

and equivalently for the source J(¢). Thus the term in the exponent becomes

' 1 [ dEdE _p.p 3 )
S+Jq+ / Sa(r)? =3 / drS - G e T (BB — o +ie) ((B)A(E) + J(B)I(E) + J(B)i(B)

— ;/Z]j [ij(E) (E? —w? +ie) G(—E) + J(E)§(—E) + j(_E)(;(E)] (2.43)

where we used that the 7-integration yields a factor 2wd(E + E’) which has been used to perform
the E’ -integration. The path integral measure is invariant under a shift of the integration variables,
4(E) — q(F) — —2E)__ and thus the amplitude is given by

E?2—w?+ie
21 = Z?O] P (2 / % gg +w2 - ze> /quXp < / C;Eq(E) (B2 = w? +ie] cj(—E))
(2.44)
i [dE J(E)J(—E
- <2/2ﬂ_1§2)+£2_)1> ' (245)

Taking an inverse Fourier transform we obtain

Z17] = exp (2 / dtdt' TG (t — t’)J(t’)) (2.46)
The Fourier transform of the kernel

dE eiE‘(tft’)

is a Green’s function of the harmonic oscillator

2
<§t2 +w > Gt —t")=d6(t—t) (2.48)

which can be shown by a straightforward calculation of the left-hand side. The integral over the
energy F in the definition of the Green’s function can also be evaluated via a contour integral in the

complex E plane via the residue theoremm The two simple poles are at £ = + (w — i€), i.e. the pole

10The residue theorem relates the contour integral along a positively oriented simple closed curve to the sum of the

residues of the enclosed poles

7{ f(z)dz = QﬂiZRes(ﬁ ak) . (2.49)

17



for positive (negative) energy is shifted slightly to the lower (upper) half of the complex plane. For
t—t' >0 (t—t <0) we close the contour via the upper (lower) half of the complex plane and thus
the residue theorem results in
1 . /
Gt —t') = ——e ™=t 2.51
(1) = - (251)
The Green’s function can similarly be expressed in terms of the 2-point correlation function. The

second derivative with respect to the sources of the partition function is

1 6§ 1 ¢

_ = - dt'G(te —
(0|TQ(t1)Q(t2)]0) = ~ , Z[J] T 5J [/ t'G(te —t')J (¢ )] Z[J]
- %G(tz —h). (2.53)

(2.52)

1 5J(t1) 2 6J(t2) J=0

We can similarly evaluate higher-order correlation functions. For the four-point function we find

(01TQ(t1)Q(t2)Q(t3)Q(t4)|0) = Zl [G(t2 — t1)G(ts — t3) + G(ts —t1)G(ta — t2) + G(ta — t1)G(ts — t2)] .
(2.54)

Thus the 4-point correlation function is given by the sum of the Green’s functions of all possible

pairings. More generally 2n-point function is given by
1
OITQ(t) - Qt2n)|0) = = > Gty —tiy) o Gltin,_, —tin,) - (2.55)
pairings
All other n-point functions, i.e. with odd n vanish, because there is always one remaining source term.

Interactions from terms in the Lagrangian with higher powers of the generalized coordinate g™, n > 2

will change this result.

2.6 Free scalar field (8)

Next, we are looking at a free scalar field. The Lagrangian density is given by
1 m?
L= —§8M¢8”¢ — 7¢>2 (2.56)
The derivation of the ie factor proceeds in the same way as for harmonic oscillator. The correct
prescription is obtained by adding a term —l—ie%qbQ to the Lagrangian. Details are presented in Sec.

The generating functional is then given by

fD¢eXp(fd4 (L+ J(x)p(x )))

Z|J| = 2.57
7] [ Doexp (i [ diaL) (257)
[ Dpexp (—% [ dxd*a'¢(z)p(a')D(x,2') + i [ dzJ(x)p(x)) (2.58)
B [Doexp (—% [ dizdia’'¢(z)(z')D(z,2')) .
In particuar for a holomorphic function f the Cauchy integral theorem states
2mif(a %d syt (2.50)
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where D(xz,y) in the second line is defined as

0 9 +m?— ie] §(x — ) (2.59)

/1 — i
Do) = 1~ 5t o

which is translation invariant. In momentum space with

~ . 4 . ~
30) = [ dtaemo(a) @) = [ e i) (2.60)
we thus obtain
D(p) = p? + m? — ie (2.61)
_ 1 d*p o= - - -
S+ J¢ +ie terms = 5 / @) (—¢(p)D(p)¢(—p) + J(p)p(—p) + J(—p)cb(p)) (2.62)

Analogously to the derivation in case of the quantum harmonic oscillator the d*z integration yields
a factor (2m)*™ (p + p’) which introduces the different signs for the momenta. Note that D(p) is
symmetric, D(p) = D(—p) and thus using linearity of the path integral measure by shifting the field

é(p) — é(p) + D(p)flj(p) we obtain

i o L~ - i dy o
201 = g0 (5 [ 42T wDw) i) x [Doew (= [ SR imDw-») o)
d*p -

—ow (5 [ T WD) i) (2.64)

In position space we obtain
Z[J] = exp <; / dzd*2’ J(x)Ap(z — x’)J(m')) (2.65)

where we implicitly defined the Feynman propagator

d4p eip(r—m/)
AF(.’L'—x/) E/ (277)4p2+m2—i6 . (266)

The Feynman propagator is a Green’s function of the Klein-Gordon equation and thus satisfies (in the
limit € — 0)
(—0, +m?) Ap(z —2') = W (z — ') (2.67)

which follows directly from its definition. In the complex plane of the energy there are two simple
poles at ++/p? + m? — ie. Using the residue theorem we can evaluate the integral over the energy and
obtain

3 .
Ap(e —a') = i Pt ipla-a) (2.68)
Fr—%)=1 (27T)3pre '
Py e Ep
— g P ip(z—a) . - 4P ip(e—x) 9
P00t — 1) / e L0 — 1) / ot (2.69)

19



using the result from the same calculation for the harmonic oscillator. The two remaining integrals can
be evaluated in terms of modified Bessel functions which we will see when looking at the spin-statistics
connection theorem. Finally analogously to the discussion for the harmonic oscillator we obtain the
expectation values of the time-ordered products by taking functional derivatives with respect to the

sources

1 6 1 6
157G ...57&](%)2[,}] . (2.70)

In particular the 2-point correlation function is given in terms of the Feynman propagator

O[T p(x1) ... dp(xn)|0) =

OT(e1)9(a2)]0) = TAp(r2 — 1) (2.11)

or explicitly writing out the time-ordered product we find

%AF@Q —x1) = 0(t1 — t2) (0[¢(21)(22)|0) 4 O(t2 — t1) (0]p(22)p(21)]0) (2.72)
= 0(t1 — t2) (0]¢™ (21)9™ (22)]0) + O(ta — 1) (0|¢T (x2)¢™ (21)]0) . (2.73)
with the positive and negative frequency solutions
3 .
¢ (x,t) = / (Q;l);;%a(k)elkz (2.74)
3 .
¢ (x,t) = / (2733];%@*(1@)(3@“ . (2.75)

Thus the Feynman propagator for to < t; can be interpreted as the creation of a particle at xo and
the annihilation of a particle at x1 and vice versa for t; < to. The time-ordered product of 2n field

operators is given by the sum over all pairings
1
(0T(21) ... $(220)|0) = > Ap(wi, = miy) . Ap(Tig,_, — Ti,) - (2.76)
pairings

This result is known as Wick’s theorem.

2.7 Interacting scalar field theory (9)

Finally we will be considering interactions. Consider a Lagrangian £ = Ly + £ where L is the
Lagrangian of a free field (or exactly solvable) and £; denotes the interaction Lagrangianﬂ Then the

generating functional can be written as
[ Dgetf o(LotLitotige?)

Z[J] fD¢eifd4I(£O+£l+i§¢2)

(2.77)

MRecall that we made several assumptions when going to the Lagrangian formulation: H is no more than quadratic
in the conjugate momenta and this term does not depend on the generalized coordinates. If this is not satisfied or if we

want to calculate expectation values of conjugate momenta, we have to resort to the Hamiltonian formulation.
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We are going to use our solution for the free field theory to obtain a more convenient expression for
the interacting theoryIE

; 4 ; 4 i€ H2 5
217 / Deet [ ot i [ da(LatTorise?) _ o [z / dol (1&](%))} ZolJ]  (278)

with the generating functional of the free theory

ZolJ] = exp (; / ded*s J(2) Ap(z — x’)J(a:/)> (2.79)

Thus vacuum expectation values of time-ordered products of operators are given by

1 1 9 1 9 . 1 4
O|Tp(x1) ... p(xn)|0) = Z00] 7 07(xy) " 7 67 (wn) exp [z/d4x£1 (’L(SJ(IL‘)>:| Zo[J]

(2.80)

J=0
In order to better understand the expression we will do a double expansion of the generating functional

in terms of the number of interactions and the number of propagators Ap. For concreteness we will

consider the simplest interaction Lagrangian
L 3

This theory is not bounded from below and thus there is no ground state (similar to the harmonic
oscillator with a ¢3 correction). This however does not become obvious in perturbation theory, when
we expand in the small coupling g. We will ignore it in the following and illustrate the perturbative
expansion of the generating functional. The expansion of Eq. then results in

Z[J]ocz%

V=0

P

o / di (15jm>1vil},,[2 / dhad's J(@)Ap(e — ) J(2)| . (2.82)

P=0

For a given term in the expansion with P propagators and V vertices the number of surviving sources
is F = 2P — 3V, where F stands for external legs. In case of the expectation value of a time-ordered
product F has to match the number of operators in the time-ordered product. The overall phase factor

of each term is ivi?%vip =qF

—2V There are several identical terms for a given set of (V, P, E), because
the functional derivatives can act on the propagators in different combinations. We can represent
each term in the expansion diagrammatically. The diagrams are called Feynman diagrams which have
been first introduced by R. Feynman. We represent each propagator by a line and each interaction
by a vertex where three lines meet. For example there is one connectedlE diagram with £ = 0 and
V = 0 as shown in Fig. [I] and there are 2 connected diagrams with £ = 0 and V = 2 as shown in
Fig. The multiplicity of each diagram can be obtained by the following considerations: (i) we can
rearrange the three functional derivatives of each vertex without changing the diagram. This results

in a factor 3! for each vertex. (ii) We can similarly rearrange the vertices which results in a factor V.

2The derivation is intuitive. A more rigorous derivation can be found in Ryder chapter 6.4.
13 A connected diagram is a diagram, where I can trace a path along the diagram between any two vertices.
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Figure 1: E=0and V =0

Oo—0O ©

Figure 2: E=0and V =2

(iii) For each propagator we can rearrange the ends which results in a factor 2! for each propagator.
(iv) Finally we can rearrange the propagators themselves and thus obtain another P! diagrams. These
factors exactly cancel the factors in the double expansion. Thus we represent each vertex by a factor
ig [ d*z, a propagator by %Ap(ac —2') and an external source by i [ dizJ(z).

This outlined counting of the diagrams generally leads to an overcounting for diagrams which
possess a symmetry which corresponds to cases when a rearrangement of the functional derivatives
can be exactly reverted by a change of the sources. For example for the first diagram in Fig. [2] we
can swap the propagators which are connected to the same vertex and compensate it by swapping
2 derivatives yielding a factor 22. Furthermore the propagator connecting the two vertices can be
swapped and compensated for by swapping the two vertices. For the second diagram we can arrange
the propagators in 3! ways and compensate this by exchanging the derivatives at each vertex. In
addition, it is possible to simultaneously swap all propagators and compensate it by exchanging the
vertices which yields another factor of 2. Thus the term corresponding to each diagram has to be
divided by the symmetry factor S of the diagram.

The shown diagrams are all connected. In general there are also disconnected diagrams. A general
diagram can be thought of as the product of the different connected subdiagrams and thus a general

diagram
1
Sp

where C} denotes a connected diagram including its symmetry factor, ny is the multiplicity for each

D= —TI,CM (2.83)

connected diagram and Sp the symmetry factor from exchanging the different connected diagrams.
As we already considered the symmetry factors of each individual connected diagram, the symmetry
factor Sp can only account for rearrangements between diagrams. However we only end up with
the same diagram, if we exchange all propagators and vertices of one diagram with an identical one
and hence Sp = IIn!. The generating functional up to normalization is given by the sum over all

diagrams

1 =1
Z[Nx> D= HIH—I'C}” =T ) n—I'C}” =TT = 21 €1 (2.84)
{nr} ' np=0 "'

We find that the generating functional is given by the exponential of the sum of all connected diagrams.

If we omit diagrams without any external sources in the sum, the so-called vacuum diagrams, we
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automatically obtain the correct normalization Z[0] = 1 and thus define the generating functional W
for fully connected diagrams
W =mZ[J] =) C; (2.85)
1#{0}
where the notation I # {0} implies that vacuum diagrams are omitted.

We now calculate the vacuum expectation value of ¢.

010} = F 5572721

(2.86)

J=0 8 (x) J=0 '

The leading order contribution at order O(g) can be obtained from the diagram on the right-hand

side of Fig. [3] where the filled circle denotes a source. The source is removed by the derivative and

thus we obtain

0010 = 1553 lio [ a'] [1 [ a6 L8t 3art-1) = ~i58,0) [ atyart-a)

(2.87)
with symmetry factor % This is in contradiction with the requirement for the LSZ reduction formula
which requires that (0|¢(x)|0) = 0. Thus we have to modify our theory by introducing an additional

term in the interaction Lagrangian, a so-called tadpole term, Y ¢
Ly = %qb?’ +Y6. (2.88)

It will lead to a new vertex which contributes a factor iV [ d*y. In this modified theory there is a

second contribution from the diagram on the left-hand side in Fig. [3| and thus

©016(2)10) = (v = i58r(0)) [ a'yaety-a) . (2.59)

By choosing Y we can ensure that the vacuum expectation value of the field vanishes as required by
the LSZ reduction formula. This procedure is called renormalization. Let us evaluate Ag(0) to obtain

the required value of Y

Ap(0) = / (d4"’ L (2.90)

2m)* k2 +m? — e

This integral diverges quadratically! Thus we have to regularize the integral first before evaluating it.
We are using cutoff regularization, where we impose a cutoff on the momentum in Euclidean space
|kp| < A. We first perform a so-called Wick rotation, k* — ik, k' — k% to go from Minkowski space

to Euclidean space, then use spherical coordinates A useful result for spherical coordinates is the area
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of the d-dimensional unit spherﬂ to evaluate the integral.

/ 2 1 / e (2.96)
i _ 1 |
kal<a (201 R2 +m? —ie  Jypgon (2m)* B+ m?

A2 12 712
k%dk 1
= [ dQ EE 2.97

/ 4/0 2(2m)* k% + m? ( )

272 AZ4m? m?
L /m2 dz (1 — $> (2.98)

1 24 m2
=163 [z —m?Inz] 7/7\1; (2.99)
1 5 o A?

where we used the substitution x = k:% + m?. Thus the leading divergence is quadratic and the
second term diverges logarithmically. The tadpole coupling Y = iAr(0) is real as it is required for
a hermitian Lagrangian.

Divergences in the evaluation of loop integrals are a common feature in quantum field theory. They
are dealt with by first regularizing the integrals and then renormalizing couplings in the Lagrangian
to absorb the divergences.

Summarising, the generating functional Z[.J] can be expressed in terms of the generating functional
W[J], which is given by the sum of all connected diagrams with no tadpoles and at least two sources

J. The Lagrangian has to include all relevant couplings such that all divergences can be absorbed.

2.8 Scattering amplitudes and Feynman rules (10)

We are now in the position to calculate the probability for a transition from an initial state |i) to a

final state | f). We consider the example of 2 — 2 scattering 1 +2 — 3+ 4 and thus need the vacuum

14
2ﬂ_d/2

/de = T3 (2.91)

which can be derived by considering the Gaussian integral in d-dimensions, both using cartesian coordinates

d
/ddazef%ziz? = (/ dm67%12) = (2m)¥/? (2.92)

and spherical coordinates

/ddmefézi = = /dﬂd/ e e 2% dy ‘y = %JJ2 (2.93)
0
- /de/ (d=2)/2(d=2)/2 =y gy, — /de 2(4=2)/2p(q/2) (2.94)
0
where we used the integral form of the I' function I'(2) = [~ 2*~'e “dx for Re(z) > 0. Thus we find
/2 /2
/ a0, — 21 _am (2.95)
24/2-11(d/2)  T'(d/2)
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Figure 3: Leading contribution to tadpole. Filled circle correspond to external source. x denotes

vertex Y.

expectation value of the time-ordered product of four field operators
(01T (1) p(w2)p(23)P(4)|0) = 61020304 Z[J]| (2.101)
= [616205040W ] (2.102)
51891 W]0504iW [J] + 8105iW [J]026,iW ] + 6154iW[J]52532‘W[J]]
= (0]Tp(z1)p(w2)Pp(23)9(74)[0) ¢ — Ap(z1 — 22) AR (T3 — 74) (2.103)

— Ap(z1 — 23)Ap(2s — 24) — Ap(z1 — 24)Ap(zs — 23)

where we used Z[J] = exp(tW[J]), 6;W[0] = 0 and defined a short-hand for the functional derivative

with respect to the source

51‘1.6
1

6J(x;)

The first term corresponds to a fully connected diagram, where all four particles are connected to each

(2.104)

other, while the others are products of 2-point functions and thus represent disconnected diagrams
where always 2 particles are connected with a propagator. The LSZ reduction formula then determines
the transition matrix element. Recall that the LSZ reduction formula leads to a term ¢ [ dze® s (—0?+
m?) for each incoming particle with momentum k and i il d*ze= " (—9%+m?) for each outgoing particle
with momentum k. Thus when acting on the propagator %A r(x —y) for each external leg, we obtain
a factor e’*¥ (e~*¥) for each incoming (outgoing) particle after using that the propagator is a Green’s
function and evaluating the x integral with the help of the delta function.

If y corresponds to the position of an external leg, we obtain i(2m)*6™® (k + k') (k% + m?) if both
particle are incoming or outgoing with momenta k and &’. This term vanishes, since external particles
are on their mass shell. Similarly, if one particle is incoming with momentum k and the other one
outgoing with momentum &', we obtain i(27)*6*) (k — k') (k? +m?) = 0.

Concluding the three products of two propagators vanish and we only have to calculate the contri-
bution from the fully connected diagram. The leading order is generated by the tree-level diagrams in

Fig. 4l They translate to (We drop the subscript F' from the Feynman propagator in the following.)

010203041 W = (z‘g)Q%5 / d*zdtyA(z —y) [A(xl —x)A(xg — 2)A(y — 23)A(y — 24) (2.105)
+ Az — 2)A(zs — 2)A(y — z2) Ay — x4)
+ Az — 2) Az — ) Ay — 22) Ay — 23)
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1 3 1 I 3 1 ><3
2 4 2 4 2 4
Figure 4: Tree-level diagrams contributing to 2 — 2 scattering
and thus it contributes to the S matrix as follows

,L-g2 / d4$d4yA(fE . y) [ezklmezk2x6—1k3ye—k4y + 6zklme—zkgxezk2ye—k4y + 62k1x6—1k4m62k2y6—k3y}

(2.106)
dip Py
(2m)4 p? + m? — ie

:igz/d4xd4y [ezklzezkgxefzkgyesz;y + ezklzeflkgxezkgyefluy + ezklxefllm‘xezkgyefkgy}

(2.107)

. d*
:zg2 / ]WZQ)_ZG {(5(4)0{1 + ko +p)5(4)(k3 + ky +p) + 5(4)<k.1 — ks +p)5(4)(k4 — ko +p) (2108)

+ (5(4)(/€1 — k4 +p)5(4)(k3 — ]62 +p)}

1 1 1
=ig?(2m)*6W (k1 + ko — ks — k
ig7(2m)" 0 (I o+ o — g 4>[(k1+k2)2+m2—ie T —E)Erm? —ie (b —ka)E o —ie
(2.109)
= —ig?2(2n)* 0™ (ky + ko — k3 — k4) ! + = - ! (2.110)
s—m2+ie t—m2+ie u—m?+ie '
where we introduced the so-called Mandelstam variables

s = —(k1 + ko)? t=—(k1 — k3)? w=—(k; — ky)? (2.111)

In the centre-of-mass frame s is simply given by the square of the total energy of the system s =
(E1 + F»)?. The Mandelstam variables satisfy

s+t+u=mi+ms+mi+ms. (2.112)
For general scattering processes it is convenient to define the matrix element M via
(fliy = iTp; = i(2m)* 6™ (kin, — kout) M (2.113)

where k;y, (koyt) is the sum of incoming (outgoing) momenta. Looking at our calculation we can derive

a simple set of Feynman rules to calculate the matrix element:
1. Each external line corresponds to a factor 1.

2. For each internal line with momentum p write —%—.
pe+me—ie

26



3. For each vertex write ¢g.

4. At each vertex the four-momentum is conserved.

5. Integrate over internal free momenta k; with measure d*k;/(2m)%.
6. Divide by symmetry factor of the diagram.

7. Sum over the expressions of the different diagrams.

Note momenta of incoming (outgoing) particles are going in (out).

2.9 Cross sections and Decay rates (11)

We briefly state without derivation how a cross section and a decay rate can be obtained from the

matrix element M. The differential cross section for the scattering of two incoming particles with

momenta p; and py into n final state particles is given by

_|MP?

do o

dLIPS,(p1 + p2) .

with the flux factor

1
F = 5\/(5—|—m%—m%)2 —4sm% = \/(pl - p2)? —m%m%

and the Lorentz-invariant n-body phase space

n L 3k
dLIPS, (k) = (2m)"5 (’f - k) =1 (2732w,

Similarly the differential decay rate is given by

M
F =
d 2E,

dLIPS,(p1)

(2.114)

(2.115)

(2.116)

(2.117)

where F, denotes the energy of the decaying particle. In case that there are n identical particles in

the final state, we have to divide by the symmetry factor S = n! in order to avoid double-counting

the different final state configurations

1 1

See Sec. 1] for a derivation.
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3 Renormalization

In this section we will discuss the basics of renormalization, one of the important topics in quantum
field theory. This obviously only provides an introduction. A good book with more details about

renormalization and the renormalization group is John Collins, Renormalization.

3.1 Dimensional analysis (12, Peskin 10)

In Sec. we encountered a divergent loop integral. These commonly appear in quantum field theory.
In order to find the relevant divergencies, we use dimensional analysis. Energy and mass both have the
same mass dimension [E] = [m] = 1. Coordinates have mass dimension [z,] = —1, while derivatives
have mass dimension [0,] = 1.

The action S is dimensionless and thus in a theory in d dimensions the Lagrangian £ has dimension
[£] = d. By inspecting the kinetic term we find that a real scalar field ¢ has mass dimension [¢] =
(d—2)/2 and thus its coupling [g,] = d—n(d—2)/2. Hence interactions with n scalar fields have mass
dimension [¢"] = n[¢] = n(d — 2)/2. In particular the quadratic term has mass dimension d — 2 and
hence the coefficient of the mass term, [m?] = 2, a cubic term has mass dimension [¢3] = 3(d — 2)/2
and hence its coupling is dimensionless in d = 6 dimensions, while it has mass dimension 1 in d = 4
dimensions.

Let us next consider a loop diagram contributing to an n-point functions. It diverges if there are
at least as many powers of momentum k in the denominator as in the numerator. We define the

superficial degree of divergence
D = (power of k in numerator) — (power of k in denominator) = dL — 2P (3.1)

where L denotes the number of (independent) loop (momenta) and P the number of propagators.
We naively expect the diagram to be divergent, proportional to A” for a momentum cutoff A when
D > 0. For D = 0, there is a logarithmic divergence In A and there is no divergence for D < 0.
This estimate does not always hold. For example symmetries may lead to cancelations and reduce the
degree of divergence, while divergent subdiagrams may increase the degree of divergence. Nevertheless
the superficial degree of divergence is a useful quantity.

For a ¢™ interaction, the number of loop integrals in a diagram is
L=P-V+1 (3.2)

since every propagator has one momentum integral and each vertex comes with a momentum-conserving
d-function, while one § function merely enforces overall momentum conservation. The number of ver-

tices is given by
2P+ FE
po2 e (3.3)

n
where E is the number of exernal legs and thus we can express the superficial degree of divergence as
d—2 d—2 d—2

D=d(P=V+1)=2P=d=dV+(d=2)P =d—dV+——nV - =2 "E =d—[g,]V ~=5"F (34)
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Thus there are three different possibilities of ultraviolet behaviour. Super-renormalizable theories with
[gn] > 0 have only a finite number of Feynman diagrams which superficially diverge, renormalizable
theories with [g,] = 0 have only a finite number of amplitudes which superficially diverge, but di-
vergencies occur at all orders in perturbation theory, and non-renormalizable theories with [g,] < 0
where all amplitudes are divergent for a sufficiently high order in perturbation theory.

We will restrict the discussion to 1-loop corrections. It is quite straightforward to generalize to
an arbitrary loop order but with increased computational difficulty. In the following we will discuss a

real scalar field in 5 + 1 dimensions with the Lagrangian
L= —to.60m - tm2e? + S (3.5)
2 2 3 '

As we discussed in the section on the LSZ reduction formula, in an interacting theory we possibly

have to shift the vacuum expectation value of the field ¢ and also rescale it, such that we end up with

1 1

L= =5 250,00"6 §me2qb2 + Zg%dﬁ 1Yé (3.6)
1 1 1 1

— 5 0u00") §m2¢2 T %¢3 + Y6~ 50240,00"6 - §5me2¢2 + 5Zg%¢3 . (3.7

where Y and the Z’s are at the moment undetermined constants. In the second line we expanded
Zx =14 6Zx. The terms with 6 Zx are denoted counterterms. In 6 dimensions, the scalar field has
mass dimension 2 and thus the coupling ¢ is dimensionless. The coupling Y has dimension 4. From
the previous discussion we see that the theory is renormalizable, i.e. a finite number of counterterms
suffices to renormalize the theory. It suffices to study the 1-, 2-, and 3-point functions to renormalize
the theory. The results can be generalized to a different number of spatial dimensions and other

quantum field theories.

3.2 Self-energy (14)

As we already discussed the renormalization of the one-point function in Sec. and showed that
the 1-point function can be set to zero by choosing Y appropriately, we directly move to the 2-point

function. The exact propagator is given by

<0’T¢($)¢(y)|o>zxY+X+y+x—Q—y+xlILy +... (3.8)
+ X—Q—Q—y + ..

:x—y+xy—|—xy + ... (3.9)

The second term denotes an insertion of the counterterms. Thus the calculation can be reduced to

the calculation of one-particle irreducible (1PI) diagrams which can then be resummed to obtain the
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exact propagator. The calculation is easiest performed in momentum space

[ dtae D QT @00 0) = {AG) + JAGMEA A+ ks (310)
1 1 1~
T ipi+m?—i0— II(p?) = gA(pQ) ’ (3:11)

where A(p?) = 1/(p? + m? — i0) and II(p) denotes the scalar self-energy. The exact propagator has a
pole at p? = —m? with residue one which describes the propagation of a single particle. This translates

in the conditions
II(—m?) =0 I (—m?) =0 (3.12)

At one-loop order it is given by the amputated (all external propagators are removed) one-loop diagram

q
V2N
iI(p?) = & o (3.13)
p p+q p p
1 [ d% —i —i
iq)2 . 2 2 4
- 9 —i(0Z 82, o) 3.14
(Zg)2/(27r)6q2+m2—i0(p+q)2+m2—z‘o i (024" + 6Zmm”) + O(¢g")  (3.14)

This diagram is quadratically divergent and has to be regularized. In dimensional regularization we

evaluate the integral in d = 6 — e dimensions, with € large enough such that the integral becomes finite.

€/2

In order to keep the coupling g dimensionless, we replace ¢ — g i/“, where [i is the renormalization

scale, a dimensionful parameter with [z] = 1 and thus the self-energy becomes

2 d? 1 1
'H2=9~E/ d — i (6Z4p% + 6Zym? 4 1
M) =50 | origsm—npraismE_io | 0%y +8Zum?) +0(g)  (315)

In order to evaluate it we first use a trick, the so-called Feynman parameter integral

1 1
15~ |, T ma=ar ), s (310
which can be shown by a straightforward calculation.
! 1 ! 1
/0 dx(Ax—i—B(l—x))Q:/o C T A TP ‘y:B—I—(A—B)x (3.17)

1 A 1 A 1 [1 1 1
= d —2 g —_ -1 g _—— — _ — ]_
A—B/B wo =gl s A—B[B A] ag 1)
The generalization to an arbitrary number of factors is (without proof)
N

L) i gy, | S 1)
H%A?z“nir(m)g[/o i d@] S A (3.19)
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Using the Feynman parameter integral we find

. 2\ LLL il ddq 1 c
=5 /0 e /(27r)d((1 — 2)(q2 + m2 —i0) + z((p + ¢)2 + m?2 — i0))* et (3.20)

1 d
d 1
_ 9/ dmgf/ qd R (3.21)
2m)? (g +2xp-q+xp2+m2—10)

/ / dd/ /2+A) + et (3.22)

where we used the change of variables ¢’ = q + xp and defined

A=m?4z(1—2z)p*—i0. (3.23)

Similarly to the tadpole integral, we perform a Wick rotation, ¢° — iqf{J and ¢* — q%, to obtain

d
II(p?) s —icit. (3.24)
(qE
We first solve a more general integral in d-dimensional Euclidean space
d ldq A
ds2 =—— 3.25
e T s v e 535
d
ord/2 A 1—z\2 ' ya\n
= F(d/2)/0 ) (A - ) (x) (3.26)
242 1 1 /1 d_, d
= ——— | 2" 27 (1—-2)2 'dx 3.27
/2 1
~B(n — d d 2
(d/2) Anf* (’fl 232) (3 8)
d/2 T'(n — H1 (¢
il T 9l (3.29)
[(d/2) an g T(0)
d
d/2F _d n—gy
_m n—-5) (1 (3.30)
I'(n) A

where we used the definition of the Beta function B(z,y) = fol dt t*~1(1 —t)¥~1 in the fourth line and
its relation to the Gamma function B(z,y) = I'(xz)I'(y)/T'(z + y). Hence the self energy is

T(p?) = g(ijf;;/z /01 dxT <2 — g) A;_g —iect. (3.31)
_ Q(er)gr (—1 + %) /01 dzA (4?2)6/2 —iedt. (3.32)
2(2;3 <—§ —1+47e+ O(e)> /01 dz A (1 + %ln <4T2> + O(e)) —icdt. (3.33)

— 2(;1’;3 /01 dz A (—i —1+v9g—1In <47Z‘2> + O(e)> — (6Z4p* + 6 Zmm?) (3.34)
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where we used #2 = 1+ fIna+O(e?) and ['(—1+ &) = —2 — 1 4+ vg + O(€) with the Euler constant
v ~ 0.577216. By redefining the renormalization scale yp = v/4me 72 we absorb the terms 47 and

~vg which always occur in loop integrals

2 2

TI(p?) = —2(2)3 { (m2 + %) (z +1+1n <:;2>> + /01 dzAln (T) + O(e)} — (8249 + 6 Zym?) .

(3.35)
and finally define the counterterms
2
gs 11 1 W
02y =~ L +5+m(5) e (3.36)
2
g (1 1 p
R [6 +5+n (E) + cm} (3.37)

to absorb the divergence and p dependence, where cx are two constants. The self energy becomes

2 1
2y _ 9 Lo 2 1 A
II(p*) = (4n)? |:66¢p + epmm” + 2/0 dxAln <m2 . (3.38)
We can analytically continue the result to Minkowski space keeping in mind that m? — 0 gives the
correct prescription. The renormalization conditions IT(—m?) = II'(—m?) = 0 fix the two constants

cx. We first rewrite the self energy as

2 g 1/ A 2 2
II(p7) = (4n)? [2/0 dxAln (AO> + linear in p* and m ] (3.39)
with Ag = Al2__,,2. The condition II'(—m?) = 0 fixes

M(p?) = (497:)3 B /01 dzAln <AA0> - % (»? +m2>} (3.40)

and the condition II(—m?) = 0 the relative sign between p? and m? in the second term. After

integrating the second term we arrive at

1 g2
12 (4m)3

I(p®) = [(3 —27V3)m? + (3 — V3m)p® + 2p*r3 tanh ! (1>] (3.41)

r

with r = /1 + 4(m? —i0)/p?. The exact propagator is then

~ 1 1
A(p?) =
) = TG ) 7 0

(3.42)

A few comments are in order

e For p? = —4m? r — 0 and II(p?) develops an imaginary part for p?> < —4m?2. Then there is

enough energy to produce multiple particles.
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e For large values of |p?|

I(p?) L g [P
-5 ™~ — n
p2+m2—i0 ~ 12 (47)3

= 13-7V3 (3.43)
m

and thus the real part increases logarithmically with |p?| for large |p?| or m — 0. There is an
infrared divergence (m — 0) which invalidates the theory. In the massless limit, it is not possible
to isolate individual particles, which the LSZ reduction formula depends on. The scattering has

to include the creation of very low energy (soft) particles.

3.3 Minimal subtraction scheme

In the previous section on the self energy, we used a so-called on-shell scheme, where we used as
renormalization condition that the propagator has exactly the form of a single particle with a given
mass. Another renormalization scheme is minimal subtraction (MS), where only the divergent part %

is absorbed in the counterterm. In this case one would use

2 2
5Z¢:_(297T)3é1 § = — - % (3.44)
This defines a one-parameter family of renormalization schemes parameterized by u, which is some-
times called the subtraction point. A variant of the MS scheme is the modified minimal subtraction
(MS) scheme, where in addition to the divergence, the factors In4m and g are also removed
¢> 11 1 _ g 1 1 _
0Zy = “2n56 | e + 5111(47‘('6 E) 0Ly = RHE + 5111(47‘('6 TEN (3.45)

3.4 Vertex correction (16)

The calculation for the vertex correction and the determination of 6Z, is analogous. In momentum

space we have diagrammatically

p3l
| Q/ \q — D3 p3l
UV finite = + (3.46)
P opitq P2 r P2
UV finite ; (,L'g)3~3e/2/ ddq —1 —1 —1 +i6Z g~e/2
H (2m)d ¢2 +m? —i0 (p1 + q)2 + m? —i0 (¢ — p3)? + m? —i0 g gk
(3.47)

d%q 1 1 1

o2, = ig'i UV finite (3.48
g Zgu/(27T)dq2—|—m2_iO(pl+q)2+m2_i0(q_p3)2+m2_i0+ nite ( )
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The evaluation of the integral proceeds in the same way as for the propagator. As we are only interested

to determine the renormalization constant 07, we can take the limit p; — 0 and thus obtain

d’q 1
6Zy =i 2~€/ + UV finite 3.49
g g p (27T)d (qg + m2 . 20)3 ( )

dg 1
2~€ :
=—¢°[L / 2n) @+ m2)3 + UV finite (3.50)
E
_ 2~¢ F(g) —€ UV ﬁ . 1
2 ~2 N €/2
g . dmp .

where we used a Wick rotation in the second line and the integral (3.30) in the third line. Using the

expansion of the Gamma function about 0, I'(€) = 2 — v + O(e), we obtain

2 ~2
g 2 € ari .
07, = — -— 1+4=-In{——— V finit .
g 2(4rm ) L ’YE‘] [ + 2 n<m2—i0)] + UV finite (3.53)

From here we easily determine the renormalization constant in the MS scheme

1
§Z,= L= (3.54)
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4 Additional Material

4.1 Derivation of expressions for cross sections and decay rates (11)

The probability for a transition from state i) to state |f) is then given by

LU P
P=1mnam “.1)

We will first consider a finite volume V and time interval T in order to avoid infinities and then take

the continuum limit. Thus
(2m)363(0) = / e =V (2m)464(0) = / d*ze’® = VT (4.2)

For definiteness we will consider the scattering of 2 particles to an arbitrary final state with n particles.

The norm of a one-particle state is given by
(k|k) = 2k°(2m)36%(0) = 2KV (4.3)

and as the two-particle state in the infinite past and future can be effectively described by the product

of two one-particle states, we obtain
(ili) = 4B BV (F1f) = TL(2KV) . (4.4)
Similarly for the squared transition amplitude we obtain
| (f10) 2 = 12m) 0 (kin — kout) P[M[* = (270)*6 (kin — Kout) VT M. (4.5)

Finally we have to sum over all possible final states. In the box with length L the 3-momenta are

quantized k; = 227, and thus summing over the different modes corresponds to an integration

3
d> = (2L7T)3 /d?’ki. (4.6)

i

The volume V = L3 cancels against the volume factor from the normalization. Thus the transition

Bl (27)26(kin — kout)
P= ki m_ou M. 4.
/ =1 (27320 4AE\EyV |M] (4.7)

Let us denote the incoming momenta by p; and ps and the outgoing momenta by k;. The Lorentz-

rate is

invariant differential cross section can be obtained by dividing by the incoming particle flux. In the
rest frame of the second particle, it is simply given by the velocity of the first particle per volume.
In the centre-of-mass frame (where the 3-momenta of the incoming particles add to zero), it is the

relative velocity per volume o = PV/ vre; Where the relative velocity can be expressed by

—

P1 Do

B B

|ﬁ1| (E1+E2) \pﬂ \[ (48)

Urel = ’U1 - 02‘ = = B\, E\Es
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In the last equation we introduced the so-called Mandelstam variable s = —(p; +p2)?. The differential

cross section can also be written in terms of the flux factodl]

1
F = E1Eyvpe = s\ E? —mi = 5\/(8 +m? —m3)? — 4dsm? = \/(p1 - p2)? — mim3 (4.10)

and thus expressed as

4Fdo = |M*dLIPS,(p1 + p2) - (4.11)

The Lorentz-invariant n-body phase space is defined by

dLIPS, (k) = (2m)% (k - zn: k) n Pk (4.12)
=1

=(2m)32uw;

The 2-body phase space is particularly simple to evaluate in the centre-of-mass frame

) )
/ dLIPS,(k) = / (2m)46 (k — k1 — ko) (%);; fll(“%’) (%)3‘; cz;(lézl) (4.13)
= [ @m3(5 - () - wallFal) i &’32@ T (4.14)
_ /_11 d;j:e@ (4.16)

where the last line holds if the integrand does not depend on the azimuthal angle ¢.
In case that there are n identical particles in the final state, we have to divide by the symmetry fac-
tor S = n! in the cross section in order to avoid double-counting the different final state configurations.

Thus the total cross section is given by
1

If there is one particle in the initial state and we are studying decays we have to slightly modify
our assumptions, because we assumed all particles to be stable in the previous discussion. However it
turns out that the LSZ reduction formula also holds in this case. We only have to modify the initial
state normalization (i|i) = 2E1V and find for the differential decay rate of a particle with energy E

and 4-momentum p;
|M|?

2F,
and the total decay rate is obtained by summing over all outgoing momenta and dividing by the

dl' =

dLIPS,, (p1) (4.18)

symmetry factor

1
= S/dr. (4.19)

5The energy of one particle in the centre-of-mass frame is

s+ m% — m%
2¢/s
which can be derived by using the definition of s and pj+p2 = 0. For the last step in Eq. we used s = mi+mi—2p; -pa.

By = (4.9)
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Note that the decay rate is not a Lorenz scalar. In the centre-of-mass frame of the particle, there is
E; = my, while the decay rate is smaller in any other frame by a factor v = FE;/myq, the relativistic
boost factor, which accounts for the relativistic time dilation. Faster particles have a longer lifetime,

e.g. muons generated in the atmosphere reach the Earth’s surface due to this time dilation factor.

4.2 Optical theorem

The S matrix is unitary because for two in-states |i) and |j) and the final (out-state) |f) we find

>S5S = Gl (fli) = (ili) = 6y (4.20)
f f

where we used the completeness of the out states |f). Thus the probability to scatter to any final

state | f) is unity. It is often convenient to write the S matrix as
S=1+4T (4.21)

where the identity refers to no scattering and the 7" matrix describes any (non-trivial) scattering.

Then unitarity translates into
1=8TS =1 —iTH(1+iT)=1+iT —iT"+T'T =  T'T=—i(T-T")=2Im(T) (4.22)

which is one form of the optical theorem.

4.3 Spin-statistics connection (4)

Could we quantize the scalar field also with anticommutators instead of commutators? Consider spin-0

particles with the Hamiltonian

3
Hy = / kaaf(k)a(k). (4.23)

The creation and annihilation operators either satisfy commutation or anticommutation relations
[a(k), a(k")]5 = [a' (), al (k)] = 0 [a(k), ' (K")]+ = (27)*2048° (k — &) (4.24)

Now construct a theory with local Lorentz-invariant interactions out of the non-hermitian fields

d3k iz — d3k —ik-%
¢ (2,0) :/(2%)32% e a(k) ¢ (3670):/(2@320%6 "Tal (k) (4.25)
¢t (x,t) = oty (z, 0)eHot = / &eﬂ%ﬁ)(k) (4.26)

which are related by hermitian conjugation ¢+ = (¢7)f. ¢T(z,t) is the time-evolved field ¢*(z,0).

The field ¢ is invariant under proper orthochronous Lorentz transformations A

UA) ' ¢(@)U(A) = p(A™"2) (4.27)
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and thus also the creation (af(k)) and annihilation (a(k)) operators as well as the fields ¢*(z) are
Lorentz scalars. Construct an interaction Lagrangian density £; which is local and Lorentz invariant.
The corresponding Hamiltonian density is denoted by H; and H; denotes the interaction Hamiltonian

in the Schrodinger picture

H, = / d>xH1(x,0) (4.28)

where H1(x,0) is a hermitian function of ¢*(z,0). The corresponding Hamiltonian density in the
interaction picture Hy(x,t) is defined by the same function, but with ¢*(z,0) replaced by ¢*(z,t),
since the interaction Hamiltonian is given by H(t) = exp(—iHot)H; exp(iHot).

Consider now a transition amplitude from a state |i) at ¢ = —oo to state |f) at t = 0o

Trei— <f\Texp [—i/oo dtHI(t)] ]z’> . (4.29)

—0o0

The transition amplitude is only Lorentz invariant, if the time-ordering is frame independent. This
is trivially satisfied in the forward and backward lightcone for time-like separations of two events
(r — 2')2 > 0. However events with a space-like separation can have different temporal ordering.
Thus we have to require that the interaction Hamiltonian commutes with itself at different times for

space-like separations

[Hi(x),Hi(z)] =0 (x—2')2>0 (4.30)

The interaction Hamiltonian densities are constructed of the fields ¢¥(x,t) and thus we have to

consider the commutator (anticommutator) of the fields ¢* for space-like separations r? = (z—2')2 > 0

60,6~ = [ e O ), W] = [ TR e g
’ i (2m)32wy, (27)32wy, ’ i (27)32wy, ’
The integral is best evaluated for ¢ = ' using spherical coordinates. For t = t/, k = |k| and r = |7 — Z'|
1 00 k2 etkr _ o—ikr .
- dk‘ d 9 zkrcose - dk _ zkr )
87r2 / €08 8w )y “B(k) ikr 87r2 / ‘/k2 e

(4.32)

The integrand has branch cuts along the imaginary axis starting at +im. We deform the integration

contour such that it wraps around the upper branch cut by defining p = ik/m and thus

, o0 —pmr e e} a P
67070 = g, [ e = g [T (g T) e s

- {\/pQ — 16_’"”’”}0o — / dpr/p? — lge_pmr (4.34)
47127" 1 1 op
dp\/p —le ™" =

where K denotes the modified Bessel function. Thus the (anti)commutator is non-zero for any r > 0.

ﬁ (mr)=C(r) (4.35)

Consider now the linear combination ¢y(x) = ¢ (x) + A¢~ (z) with an arbitrary complex number .
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The (anti)commutators of ¢, for space-like separations are then

[Pa(@), 8L (@) = [67 (2), 6 (2)]5 + NP6~ (@), 67 ()] = (1 = [AP)C(r) (4.36)
[6A(x), oa(2)]z = Alg™ (2), ¢ ()] + Ald™ (), 67 (2)] = A1 F 1)C(r) (4.37)

Thus in order for both (anti)commutators to vanish and to have a suitable interaction Hamiltonian
built out of the field ¢) we have to choose commutators with |A\| = 1. This brings us back to a real
scalar field if we choose A = €@, then e~/2¢, () = ¢(x).

The same argument can be made for higher spin fields in any number of space-time dimensionﬂ
The allowed choice is always commutators for integer spin and anticommutators for half-integer spin.

Hence particles with integer spin are bosons and particles with half-integer spin fermions.

4.4 Complex scalar field (22)

So far we considered a real scalar field. For a complex scalar field the discussion is very similar, but

there are a few important differences. The Lagrangian of a free complex scalar field ¢ is given by
L=—0,0"0"p —m2pl¢ (4.38)

The Lagrangian is invariant under an internal symmetry ¢ — e %9%p, where ¢ is the charge of the

field, and thus there is a Noether current and we obtain

: f ] — oot o,
Ju = =iq (0,616 — (9,0)¢' | = iqs' 9, (4.39)
and a conserved charge
Axd

Q=ia [ o150, (4.40)

The Euler-Lagrange equations and conjugate momenta are
(O-m?)p=0 (O—m?)e' =0 (4.41)

0¢ Ot

The general solution for the fields ¢ and ¢! are given by

3 . .

b(a,t) = / (2:)3’;% (alk)e + bt (ke ) (4.43)
3 . .

61 (2, t) = / (2:)3’;% (af (e ™ + bRy (4.44)

We quantize it in the usual way, but we have to keep in mind that ¢ and ¢' are independent. The

equal time commutation relations are

[m(,t), 6y, 1)] =[x (2, 1), &' (y, 1)] = —i6* (& — ) (4.45)

16For d = 2 there are more possibilities apart from fermions and bosons, so-called anyons.
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while all other equal time commutation relations vanish. This leads to the following commutation

relations for the operators a(k) and b(k)
[a(k), al (k)] = [b(k), b ()] = (27)*2up5(k — ') (4.46)

where a(k) and b(k) are annihilation operators. Thus there are two types of particles, a and b, with

Hamiltonian
3
H= / d(zg?f;wwk [af (k)a(k) + B ()b(R)] - (4.47)

Thus the particles both have the same positive energy, but they have equal and opposite charges,

because the charge operator is given by

Q=q / (dsk [aT(k)a(k:) —bf(k)b(k)} . (4.48)

27)3 2wy,
Otherwise their properties including mass are equivalent. They form a pair of particle and antiparticle.
The existence of antiparticles is a general feature of relativistic quantum field theory.
4.5 Free scalar field - ground state wave function (Weinberg)

In this section, we how the ie factor enters the Lagrangian. The Lagrangian density of a free real

scalar field is given by

2
L= 10,0000~ "5 (4.49)

and the conjugate momentum m = é. The relevant equal-time commutation relations are

(2, 1), ¢(y, t)] = —id(x — y) [m(x,t), w(y, )] = [d(2,1), 6y, 1)] = 0 (4.50)

and the annihilation operator is defined as

a(k) = /d‘?‘xeikx [im(z) + wrpd(z)] . (4.51)
We follow the discussion of the quantum harmonic oscillator to obtain the ground state for a given
time ¢t. In the field ¢ basis, the conjugate momentum is given by w(z,t) = —i% and thus the
defining equation of the ground state is
0= /d?’a:e_ik‘” 0 + wrp(x,t)| (¢;t|0) (4.52)
6¢(x, 1) ’

In analogy to the quantum harmonic oscillator we use a Gaussian ansatz for the ground state wave

function

(itl0) = Nexp (3 [ Padyé oot 060 (4.59
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It provides a solution provided that

0= / dBpeinte—kE [ / dByE(z,y)d(y, t) +wk¢(as,t)} (4.54)

is satisfied for all ¢. We can rewrite it as follows

0= /d%ew’“t [ /d3y5 x,y)o(y, t /d3y5 x — y)wrd(y, )] (4.55)
= /d3y [—/d‘?‘xeik'fé’(x,y) + 6ik'gwk} oy, t)ert . (4.56)

As the equation holds for all ¢ and the expression in the square brackets is a smooth function, the

expression in the square brackets has to vanish identically. Inverting the Fourier transform we find

for the kernel B
_ ik (T [ I
S(l’, y) = /(27‘_)36 ( y) k2 + m2 . (457)

This also holds in the infinite past and future (even for an interacting real scalar field theory) and
thus

(0; out[¢(z, 00); 00) (¢(z, —00); —00|0; in) (4.58)

=MW@®(—‘/fﬂﬁ£@yHM >m%u»+m@—ww@fw@0<4w>

e—0t

— lim [N exp <— / Bady / A€ (3, y)6(x, 7)o (y, 7)e —”|> (4.60)

This term will slightly shift the poles in the complex E plane and thus will determine the form of the
Green’s function like in the case of the quantum harmonic oscillator. The generating functional in

this case is given by

fD(;Sexp( fd4 (L+ J(z)p(x) -5 fd31:d3yd75(:c y)o(z, 7)o(y, ))
| D¢ exp( [ d*xL — s fd3a:d3yd75(x,y)¢>( T)o(y, ))

_ [Doexp (—% [dizd a'¢p(z)p(z')D(z,2') +i [ d*zJ (z)p(z))

| Dpexp (—%fd4:vd4x’¢(:r)¢(:p’)D(x,m’))

Z[J) = (4.61)

(4.62)

where we dropped the factor eIl in the first line and it is understood that in the end the limit € — 0

is taken. D(zx,y) in the second line is defined as

9 i _ 2 AN = oy
83;’ pe M(S(:c ') +md(x — ') —ie&(Z, 7)ot —t') . (4.63)

D(z,2") =

All three terms only depend on the difference z — 2’ and thus the result is translation invariant. In

momentum space with

_ 4xe—ip;t T ) = d4 ipT
= [dtae o) oa) = [ e o) (164
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we thus obtain

D(p) = p* + m? — ieE(p) (4.65)
4 ~ ~ ~ ~ ~ ~ ~
S+ J¢ + ie terms = % / 5754 (—é(p)D(p)qﬁ(—p) + J(p)o(—p) + J(—p)¢(p)) (4.66)

As we are only interested in the limit e — 0T, it is common to replace i€ E(p) by ie which we will do

in the following for simplicity. Thus the expressions D(p) and D(z,z’) reduce to

D(p) = p* + m? — ie (4.67)
D(z,2') = 0.9 +m? —ie| §(z — z') (4.68)
’ o), Ozt ' '
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A Review

A.1 Quantum harmonic oscillator

The last 1D example which we are studying is the harmonic oscillator. It is very important approxi-
mation to many physical phenomena such as the vibrational modes of a diatomic molecule as shown

in Fig. A particle with mass m is subject to a restoring force —kx, where x is the displacement

Dissociation Energy

L——T1

Energy

re
Internuclear Separation (r)

Figure 5: First few vibrational modes of a diatomic molecule are well described by a harmonic oscil-

lator. Figure taken from https://en.wikipedia.org/wiki/File:Morse-potential.png.

from the equilibrium position. The potential energy of the particle is
Lo 1 5o
V(z) = zka* = S Ww'T (A.1)

where w = y/k/m is the angular oscillation frequency. Thus its Hamiltonian is

52 2 72
p Lo 9.2 h” d L 99
g=Xr .- —_- = 4= A2
om T2 T Toma T (A.2)
and the time-independent Schrédinger equation is given by
2 d2 1 5,
<_2mdx2 + S TW'T > vp(z) = Epg(x) . (A.3)

Now we will be going one step and solve the quantum harmonic oscillator using the ladder operator
method.

In order to simplify our following discussion, we define the variable

mw d h d
_ 4 _Jna A4
¢ n de =V mwde (A-4)
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and can rewrite our Hamiltonian in Eq. (A.2]) as follows

H= %m) (-dQ + 52> (A.5)

In the next step we want to factorise the Hamiltonian in analogy to the identity
2 .2
u*—v°=(u—v)(ut+v). (A.6)

Hence we form two new operators as linear combination of the old ones

=35 (eo )= B () w

The operators satisfy the following commutation relation

[a,al]=1. (A.9)
Looking at the product of the two operators
o (- 2) e 2
3o dect-29
= % <§2 - j; - 1) (A.13)

we observe that we almost obtain the result which we wanted to obtain. Hence, the Hamiltonian can

be rewritten as

H = hw <aTa + ;) . (A.14)

Before interpreting the operators @ and a' physically, we have to show two more commutation
relations:

[H,a] = Ha — aH (A.15)

= hw (aTa + ;) a — ahw <aTa + ;) (A.16)

= hw (aTaa — aaTa> (A.17)

= hw (aTaa - (aTa + [a, aﬂ) a) (A.18)

= —hwa (A.19)
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Now given an energy eigenstate |E) with a given energy F, we can calculate the energy eigenvalue of

the states a |E) as follows

H(a|E)) = HalE) (A.20)
= (aH + [H,a]) |E) (A.21)
= (aE — hwa) |E) (A.22)
— (B - hw)(a|E)) (A.23)

Similarly for the operator af
[H,a'] = +-hwa' . (A.24)

and

H(a'|E)) = (E + hw)(a' |E)) . (A.25)

Hence the states a|E), al |E) are also energy eigenstates with energies E 4 hw, respectively. The

operators a and af transform a state with energy F into a state with energy E + Ffw. They are

denoted ladder operators, more specifically al is denoted raising operator and a lowering operator.
Next we have to find the lowest energy eigenstate or ground state. Classically we observe that

there is a minimum energy of the harmonic oscillator. Hence there has to be a lowest energy eigenstate
a|Ejowest) =0 . (A.26)

This is called the ladder termination condition. The energy of this lowest energy eigenstate is given
by
1 1
H |Elowest> = hw <aTa + 2) ’Elowest> = §M ‘Elowest> . (A27)

Note that lowest energy level is not zero as it would be for a classical harmonic oscillator, but %ﬁw
It is known as zero point energy and ultimately due to the non-vanishing commutator of the ladder
operators [a,al] = 1. The lowest energy eigenstate is commonly denoted |0). The energy of the n'

state |n) is given by

B, = hw <n + ;) , (A.28)

because applying the raising operator a' n times increases the energy with respect to the lowest energy
eigenstate by n X hw. In addition to the ladder operators it is convenient to introduce the number

operator,

~

N =ad'a, (A.29)

which counts the energy quanta. It fulfils the following eigenvalue equation

N|n)=nln) , (A.30)
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Figure 6: Energy levels of harmonic oscillator. Raising operator a! increases energy by hw and
lowering operator a lowers it. Figure taken from https://commons.wikimedia.org/w/index.php?
curid=11623546.

where the n in |n) denotes the number of energy quanta. We can rewrite the Hamiltonian as

H = hw (N + ;) : (A.31)

See Fig. [6] for an illustration of the action of the ladder operator on the energy eigenstates. All other
energy eigenstates can be constructed from the lowest energy eigenstate using the raising operator.

By demanding that all states |n) are properly normalised,
(njn) =1, (A.32)
it is possible to ShOWiZl that the raising and lowering operators act on a state |n)

aln) =+vnln—1) (A.33)
allny =vn+1n+1) . (A.34)

Thus we can write the state |n) as follows
n
) = —= (a')"10) , (A.35)

where we denoted the lowest energy eigenstate by |0). The factor 1/v/n! ensures that the states are
correctly normalised.

The wave function of the lowest energy eigenstate ¢o(£) can be determined from the ladder termi-

nation condition in Eq. (A.26)

0= acn(€) = 5 (é n jé) 60(6) (A.36)

7See the discussion in McIntyre Chap.9.
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It is an ODE, which can be solved using standard techniques

o0(6) = (T ez, (A37)

The explicit form of the wave function involves a well studied special function, the Hermite polynomial,

such that the normalised wave functions can be written as

mwy\1/4 1 2 mw
= _ _5 /2 1 = _ =
vp(T) ( — ) an!Hn(f)e with & st andn=0,1,2,3,... (A.38)

where H,, is a Hermite polynomial of order n
Hy(x) =1, Hy(x) = 2z, Hy(z) = 42* — 2 Hs3(z) = 823 — 12z . (A.39)

Figure [7| shows wave functions and probability densities for the first four energy levels of a harmonic

oscillator.

n=3
n=2
n=1
oo — O\

(a) (b)

Figure 7: (a) Wave functions and (b) the probability density for the first four energy levels of a

harmonic oscillator.

A.2 Time-dependent perturbation theory in quantum mechanics

As we are dealing with a time-dependent Hamiltonian, we have to return to the Schrodinger equation
in its original form. So far we always considered the Hamiltonian to be time-independent, while the
quantum states evolved with time. This is commonly denoted as Schrodinger picture. If we however
consider the stated™]

N . . 2
), = U () = (1 + S Ht+ % [;Ht] > [ (1)) (A.40)
we find that
12 gy = in LB () = U0 () + in 2 o) ) =0 (A.41)
ZaW}H—z 8te =e Z@t = )

$Note that e = S0 L AM,

n=0 n!
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This is commonly denoted as Heisenberg picture. In this picture, all operators
AH(t) _ eiﬁt/h,Ae—ifIt/h ’ (A42)

e.g. momentum operator, will be time-dependent and satisfy
d Qs A DA
&AH( ) = ﬁ[HH(t)vAH(t)] + (at>H : (A.43)

Thus the eigenvalues of any operator, which commutes with the Hamiltonian, are contants and provide
good quantum numbers to describe the system. We will now consider the interaction picture, in which
both the Hamiltonian and the quantum state will depend on time. It is useful for cases, where we can
split the Hamiltonian H (t) = Hy+ H' (t) in a time-independent part Hy and a time-dependent one
H'. 1t is defined by

W(t)), = e ot/ (1)) Aj(t) = etflot/h je—itot/h (A.44)

We rewrite the Schrodinger equation for the Hamiltonian H = Hy+ H’ (t) in the interaction picture

(1) = i o (1) (A1)
= —Ho ho(e)) + € hin () (A.46)
= (1)) + O (B + B0 [0(0) (A.47)
= o [p(0)) + et (Hy + (1)) e (1)), (A.48)
= MO (£ M gy (1)), (A.49)
— A0 [0(e), (A50)

We used that the exponential exp(iHpt/h) commutes with Hy. Finally, we can now formally integrate
the equation and obtain the equivalent integral equation

t

9O = W) + o [ B o)) e (A51)

to
This integral equation can be iteratively solved by plugging the solution back in on the right-hand
side of the equation, i.e.

t

o) =), + o [ e W+ () [ [ a i@ w,+

to

(A.52)

We introduce the time-ordered product of operators to simplify the expression further. The time-

ordered product of two operators A and B is defined as

T (A(t)B(t2)) = ‘;((?ijifi f(irhtlz.t?. (A.53)
2 1 otherwise
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This allows us to rewrite the quadratic term as

¢/ t/ t
/dt/ dt" Hy (Y H (t") /dt/ dt"T H’ H(")) = (/ dt/ dt" Hy(t') HY(t ”))
to to to to to to

(A.54)
" 7
—T(/ dt”/ dt' F (") ) </ dt”/ dt' (¢ H’(”))
to to to to
(A.55)

1 t t ) ) 1 t ) 2
=7 ( / dr / dt”H}(t’)H}(t”)) =27 ( / dt’H}(t’)) C(A56)
to to to

where we introduced the time-ordered product in the first line, relabelled the integration variables
t' <+ t" in the second line, and noticed that summing the last terms of the first and second line and
dividing by 2 can be rewritten as the first term of the third line. Hence we can write the quadratic

term as the square of the integral and

t t 2
(O = o)+ 5 [ A W+ 57 (5 [ o) o)+ s

T (e—% Jiy fﬂ(t’W’) (to)) s - (A.58)

We will only consider the leading order transitions and neglect terms with more than one H. It
we have the set of eigenstates |n) to the Hamiltonian Hy with eigenvalue E,,, we can calculate the
transition amplitude to find our particle in state |n) at time ¢ if we start in state |m) at time ¢y. The

system is initially in the state
m(t) = e Hot/M [y = e=Ent/M i) (A.59)

where |m(t)) denotes the state |m) which has been evolved to time ¢ with the Hamiltonian Hy. The

probability amplitude that there is a transition to the state
n(t)) = e~ Mot/ n) = = Ent/ ) (A.60)

is given by '
(O (®) = (nle ™ Mp()) = (nl(@), (A.61)

where the subscript I indicates the interaction picture. The initial state [1(tg)), = e0!/" |m(t)) =
|m). Inserting the states in Eq. (A.52), we find

1t
() = (nhm) + o [ (ol (A62)
0
1 [t P ) A
= Sum + = teﬂﬂrﬂmﬁ/ﬁ@wH%ﬂNm>dﬂ,
0
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where we used the definition of an operator in the interaction picture in Eq. (A.44). Note that all
expressions in the last line are given in the usual Schrodinger picture, which we worked with in the
previous sections. The probability for a transition from the state |m) to the state |n) # |m) is given

by
2

1 [t . , N
Pont) = | = / dt! ¢! (En—Em)t'/h <n|H’(t')ym> (A.63)

to

The first term in Eq. (A.62) corresponds to an unchanged quantum state |m), which has not been
affected by any interaction. The second term describes one transition between two states induced by
the Hamiltonian H':

1. We start with a quantum system in the eigenstate |m) of the Hamiltonian Hj.

2. Then we evolve the quantum system in time from ¢y to ¢’ using the Hamiltonian Hy. Thus

eigenstates |m) of Hy do not change and only pick up a phase factor exp(iE,,(t' — to)/h).

3. At time t/, the Hamiltonian H' affects the quantum system and leads to transitions between

states, depending on the matrix elements <n|ﬁ ! |m>

4. After the interaction, the system is in a new state |n) and we evolve it with the Hamiltonian H

in time from ' to t and the quantum state picks up a phase factor exp(iE,(t —t')/h).

5. The transition probability is given by projecting this state at time t onto the eigenstates of Hy.

We explicitly include the phase factors from time evolution.
Higher order terms in Eq. (A.52)) can be interpreted in the same way. The only difference is that
there will be multiple transitions at different times ¢’ | ¢, ..., and the quantum states between the
transitions are evolved in time using the Hamiltonian Hj leading to additional phase factors.
A.3 Green’s function
Consider a differential equation of the form
Ly(z) = f(x) (A.64)

with a linear differential operator L = L(z). The Green’s function G(z,y) of the differential operator
is defined by
LG(z,y) =d(z —y) . (A.65)

It can be used to obtained a general solution for the differential equation Eq. (|A.64))

¢uo=1/dyamawf@o. (A.66)

This is straightforward to see
1) =1 ([ 6w fo) = [ ai6enio) = [wie-niw) = 0. @
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A.4 Group theory

Symmetries are fundamental ingredients in describing physics. A symmetry transformation is a re-
versible operation which does not change the physical system. The set of symmetry transformations
form a group.

Definition: A group G is a set of elements with an operation of multiplication that satisfies the

following four properties:
1. Closure: A, Be G= ABeG
2. Associativity: A, B,C € G = (AB)C = A(BC)
3. Identity: there is E € G such that AF = FA=Aforall Ac G
4. Inverse: For all A € G thereis A=': AA"' =F
Examples include
e Trivial group: {E}
e Discrete Z3 group {A,E} € Z3, A= A~! and thus E = AA™! = A2
e O(N) the orthogonal group: group of n x n orthogonal real matrices

e SO(N) the special orthogonal group: group of n x n orthogonal real matrices with unit deter-

minant
e U(1) the unit complex numbers {¢*}, a € R
e U(N) the unitary group: group of n x n complex unitary matrices
e SU(N) the special unitary group: group of nxn complex unitary matrices with unit determinant
e Lorentz group SO(3,1) with its spin group SL(2,C).

The first two examples are so-called discrete finite groups. The remaining examples are Lie groups,
which are continuous groups. In fact all of them (apart from the Lorentz group) are compact. U(1),
SU(N) and SO(N) are so-called simply Lie groups. The unitary group can be decomposed in terms
of the special unitary group and the unit complex numbers: U(N) = SU(N) x U(1).

A.4.1 Lie groups

The connected component of Lie group which contains the identity can be described by the underlying
Lie algebra. If A is an element in the Lie algebra, exp(aA), a € R is a one-parameter family of group
elements in the Lie group. The vector space of the Lie algebra can be described by the so-called
”generators” which form a basis. Thus any element of the Lie algebra (and the connected component

of the identity in the Lie group) can be described in terms of those generators. In physics we generally
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use exp(ia;T?) with real parameters o; and hermitean matrices T¢. For example the generators of the
spin group SU(2) are the Pauli matrices. For SU(3) they are the so-called Gell-Mann matrices. As
SU(N) is a unitary group, the generators are hermitean matrices. In physics we typically normalize
the generators as tr(T97T?) = 6.

A.4.2 Representations

Symmetries leave the system invariant, but transform states |1)) € H in the Hilbert space. Represen-
tations are defined as mappings from the abstract group to linear transformations acting on a vector
space which preserve the group structure. For example the group SU(2) can be represented by 2 x 2

special unitary matrices. In particular the generators are the Pauli matrices

o1 = (2 (1)> o9 = <(z) ;Z> o3 = <(1) _01> (A.68)

We can however similarly construct a 3-dimensional representation by mapping the three generators
of SU(2) to the matrices

] 01 0 ) 0O -1 0 1 0
1
Ji=—1]1 0 1 Jo=—1]1 0 -1 Js=10 0 0 A.69
1= 2= 75 3 ( )
01 0 1 0 0 0 -1

A.4.3 Special relativitiy and the Lorentz group

The equivalence of inertial reference frames implies that space is isotropic and homogeneous and time
is also homogeneous. It is not possible to distinguish inertial reference frames. In particular, light
moves at the same speed in every reference frame F (F'): the distance travelled, r() = ¢t). Hence

0= —(ct)? +7? = —(ct')? + "? and more generally the interval s
2 = =2 4 2t = —? 4 2t (A.70)

with r? = z'z' = > .(2%)? is the same in all inertial reference frames. Linear transformations which
leave the interval s unchanged are known as Lorentz transformations.

We measure time in the same units as distance, i.e. ¢ = 1, and combine both of them in a 4-vector
¥, 1 =20,1,2,3 with

T
a2V =t and (z") = | 22 (A.71)
23
and thus the interval s is
s = —2%2° + 2’2’ =, at2” (A.72)
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with the metric tensor

-1 0 0 0
1 00
_ A.73
)= | 0 o1 4 (AT
0 0 01
From the condition that the interval s is invariant under Lorentz transformations =’/# = A%z
Ntz = Nu AL AL 2P 2% = npeala” (A.74)
it follows that Lorentz transformations satisfy
npa_ = UMVAI.:)AVU = n= ATUA (A75)

Taking the determinant we find that

1 proper Lorentz transformations
det A = (A.76)

—1 improper Lorentz transformations

and the 00 component yields the condition |[A%] > 1. If A% > 1(< —1) it is an orthochronous (non-

orthochronous) Lorentz transformation. Thus the Lorentz group splits in 4 disconnected components

proper orthochronous Li : detA =1, AOO 1

v

proper non-orthochronous Li : detA =1, AO0 < -1

improper orthochronous LT detA = -1, AOO >1

improper non-orthochronous LY detA = -1, AOO <-1

The set of events parameterized by z# coordinates together with the metric tensor 7, defines a

space called the Minkowski space-time. Distances are invariant under Lorentz transformations

As? = (o — y*) (z¥ — y") ds® =y, datdz” (A.81)

Indices are lowered and raised with 7,, and n*” (the components of the inverse of the metric, n~ L.

4-vectors with an upper index z# are called contravariant vectors and with a lower index x,, covariant
(co-vary with the basis) vectors. Covariant vectors form the dual vector space to the contravariant
vectors. A general mixed tensor transforms as

T e = NNKS | APENTIN G2 LN ST (A.82)

viva.../; vy~ 0102...01
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